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	�MON.PKQDRTSLQVUWPYX[Z

m
Z]\VS_^a`�bVZ]c�Q_^9dePafgM�^

h �aij�]k n
∑

i=1

aikxk = bi, i = 1, . . . , m

l Nnmo^pM)^aX[PqcWr�cTUgZ�M)^
(Σ)

N�PaM
n
rjQ_N�sataQ_ruUn^acwvxUn^pM&y l M!fgZ�zLfgZwcWZ�QVUg^KX[P8zoZw{|P}zLfWP[X[SLUWP}X[Z

M)^DUgfWrj~�Z]c��

(Σ) : Am×n Xn×1 = Bm×1,
PaQoX[Z

A = (aij)i=1,...,m
j=1,...,n

, B = (bi1)i=1,...,m, X = (xi1)i=1,...,n


�N�PaQDRTSLQVUgP�X[Z�c�PK{|So`.b�Zwc�X[Z
(Σ)

c�Zwfg�YX_^aX[P�zoPKf
[Σ] = {Xn×1 | AX = B}

v�r�i ZKi|v
X

cW^pUWr�cTd�^a~9���]�a����^Kc7Zw\VS_^a`�b�Zwc
X[Z h �Ki|��k�i
���V�������F�_�F�(�

[Σ] = [Σ′]
v�PaQoX[Z

(Σ′)
l PKy[UWr�X[P}XLZ

(Σ)
^pUWfn^�� l c�XLZYSLM�Q��LM�Z�fgP

� �_¡�����X[Z¢Paz=Z�fn^a`.b�Z]c(Zw{|ZwM�Z�QVUg^afWZ]c�XLP�UWrjzoP h �]k�v h¤£ k(Z h�¥ k.v_\VSLZ1N.PKQ_c�r�c�UWZ�M�Z�M8�
h �]k��xfgP[N�^af7^�PKfgXLZ�M+X[Z�X[So^ac7{jr|QLmo^ac
X[Z

(Σ)
i

h�£ k�¦§SL{|UWrjzL{jrjNw^pf�¨[©)��{jr|QLmo^�XLZ
(Σ)

zoPKf
SLM�Z]cWNw^p{�^pf.ª
k, k 6= 0

i
h¤¥ k/«�SLy_c�UWr|UWS_r|fH^7ru¬ l cWr|M)^7{jr|Q_m_^7zoZw{j^
cWPaM)^
XL^

i
¬ l cWr|M)^7N.PKM­^

j
¬ l cWr|M)^9{|rjQLm_^)X[Z

(Σ)
i

®�¯ �°��±x²�³��A���o�F�(� �´^pfn^µzLfgPD�D^pf h �]k�v°y_^ac�Ug^¶�aZ�fgr|·oN�^af¸\VSLZav�^azL{jrjNw^aXL^¶^¹Paz=Z�fn^a`wºpP
h �]k�v´^Kc�Zw\VS_^K`.b�Zwc&X[P}cWrjc�UWZwM�^

(Σ′)
^qcWZ�fgZ�M�cW^pUWr�cTdeZwruUn^ac9cWºaPq^ac�M�Z]c�M)^qX[Z

(Σ)
v´P}\VSLZ

UgfWrj��rj^a{|M�Z�QVUgZ�rjM�zL{jrjNw^9P)M�Z]c�M�P)N.PKQDRTSLQVUWP)cWPa{jS_`�ºaP_i
�´^pfn^�zLfWPD�D^af h�£ k�voc�Z�R�^�^

i
¬ l cWr|M)^9{|rjQLm_^�X[Z

(Σ)
M&SL{|UWrjzL{jrjNw^aXL^�z=Paf

k, k 6= 0
v

k

n
∑

j=1

aij = kbi

�(PKM�P
k
l ZwcgN�^a{j^af�Q_ºaPp¬»QVS_{|Povo^

i
¬ l cWr|M)^�{jr|QLmo^¸X[Z

(Σ′)
l r|tKS_^p{�¼

i
¬ l c�rjM)^�{|rjQLm_^�X[Z

(Σ)
i

�°cWcWr|M8v
(Σ′) = (Σ)

vLPY\VSLZ¢r|M�zL{jrjNw^
[Σ′] = [Σ]

i
½ r|Qo^p{jM�ZwQVUWZav_z_^pfn^&z_fWPD�D^pf h¤¥ k�v

h ^Kk/«�ZTR�^
X0

Ug^a{x\VSLZ1cW^pUWr�cTd�^K`�^
(Σ)

i

°y[UWZwQ_X[P

(Σ′)
z=Paf h�¥ k.v=UWZ�M�PVc°\VSLZ&UWP[XL^ac�^ac�Zw\VS_^K`.b�Zwc°X[Z

(Σ′)
v�¾W¿�Àn¾.���8�/¡�Á�Â���¡�©)�pv

zoZwfWM)^pQ_ZwN.ZwM�rjQ_^p{|UWZwfg^KXL^acwv[c�ZwQ_X[P�z=PafWUg^pQVUgP�cg^DUgrjc�deZ�r|Ug^Kc7zoPKf
X0

i
��^afg^¢\VSLZ

X0

cW^pUWr�cTd�^K`�^�Ug^pM9y l M5^
i
¬ l c�rjM)^�Z]\KSo^a`�ºaP�XLZ

(Σ′)
v l QLZ]N.Z]cWcg�pfgr|P�\VSLZ7z_^pfn^

X = X0

�KZ�fgru·=\KS_Z.¬�c�Z

n
∑

k=1

(aik + ajk)xk = (bi + bj) =⇒

n
∑

k=1

aikxk +

n
∑

k=1

ajkxk = bi + bj

ª�Ã[Ä�ÅxÆTÇ�È�ÉnÊËÉnÅ�Ì�Æ�Í.Î¤Æ�Í]ÏDÉgÐ�Ç�Æ�Ñ�ÒDÉnÊÓÑ�Ò�ÆTÅ�Í�Ô�Õ
ÆTÅ¤Ä�Å¤Æ�ÉnÊ

ª
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°S,cWZTR�^_v
X0

X[Z��KZYcW^pUWr�cTd�^a~�Zwf¢^
i
¬�Z

j
¬ l c�rjM)^/{|rjQLm_^§X[Z

(Σ)
vHP8\VSLZ l �KZ�fnXL^aXLZ9z=Paf

mLr|z=spUgZwcWZai
�HPKf�Un^pQVUWPov

X0

cg^DUgrjc�d�^p~
(Σ′) =⇒ [Σ] ⊆ [Σ′]

i
h yok8«�ZTR�^

Y0

Ug^p{´\VSLZ�cW^pUWr�cTd�^K`�^
(Σ′)

i��FPKtaPovoz=Z�{�^¸PKzoZwfg^K`�ºaP h�¥ k�v=UWP[XL^Kc�^Kc�Z]\VS_^a`�bVZ]c°XLZ
(Σ)

v�¾W¿�Àn¾.���Y�
i
Á�Â.��¡�©��pv_cgºpP�r|tKS_^pr�c7¼ac
X[Z

(Σ′)
v_cWZ�Q_XLP�z=PafWUg^aQVUWP)cW^pUWr�cTdeZwruUn^ac7z=Paf

Y0

i
�(PaM�P

Y0

cW^pUWr�cTd�^a~�¼
i
¬ l c�rjM)^&Z]\VS_^a`wºpP9XLZ

(Σ′)
Z¢¼

j
¬ l cWr|M)^9Zw\VS_^a`wºpP�X[Z

(Σ)
v_Z�QVUgºaP

Y0

cW^pUWr�cTd�^a~1¼�XLrudeZwfWZwQ_`�^�Z�QVUgfWZ1^ac
XLS_^acwv

n
∑

k=1

(aik + ajk)xk −

n
∑

k=1

ajkxk = (bi + bj) − bj =⇒

n
∑

k=1

aikxk = bi


°S cWZTR�^_v
Y0

cg^DUWr�c�d�^p~/Ug^aM&y l M ¼
i
¬ l c�rjM)^}Z]\KSo^a`�ºaP XLZ

(Σ)
i ��PafWUg^pQVUgP_v´UgP�X_^ac�^ac

Zw\VS_^a`�b�Zwc
X[Z
(Σ)

cgºpP�cg^DUWr�c�deZ�r|Ug^ac7z=Paf
Y0 =⇒ [Σ′] ⊆ [Σ]

i
�(PKM+rjcgcWP_vLN.PKQ_N.{jSL�jM�PKc
\VSLZ

[Σ] = [Σ′] �

0F<2143V@wCFEHC,E6587xC�9¤G�IKJLCµEHC:7!;=<�@>5.?:@BA C_BDCE<>FG@�9¤Co?H@�?I5�?A@]C
�(PaM�P¢^aNw^py_^aM�PVc�XLZ��KZ�fgru·=N�^pf�Q_^¢c�Z]`�ºaP°^pQVUgZ�fgr|PKfwvDN�^KXL^°�aZ�~7\VSLZ
^pzL{jr�N�^pM�PVc�\VS_^a{j\VSLZwf

SLM)^8XL^Kc¢Paz=Z�fn^a`.b�Z]c h �]k.v h�£ k�Z h�¥ k°Z�M
(Σ)

vHPay[UgZ�M�PKc�SLM!c�r�cTUgZ�M)^
(Σ′)

N�PaM ^/M�ZwcWM)^
cWPa{jS_`�ºaP_i2J°r|~wZ�M�PKc1z=PafWUg^aQVUWP§\VSLZ

(Σ)
Z

(Σ′)
cWºaP�Z]\KS_r|�D^p{jZ�QVUgZwcwi¸��cgc�rjM8v�cWZY^pzL{jr�N�^pM�PVc

Z]cWcg^ac�Paz=Z�fn^a`.b�Z]c
Z�{jZ�M�Z�QVUn^pfgZwc�XLZ&dePKfWM)^YcWrjc�UWZwM)�DUWr�N�^_v=Nnm_Z�tK^afWZwM�PKc�^¸SLM c�r�cTUgZ�M)^YZ]\VSLru¬
�D^p{jZ�QVUgZ&^pPYrjQLr�N.r�^p{H\KS_Z�zoP[X[Zwfg�¸c�Zwf�fgZwcWPa{j�Vr�X[P�z=Paf�rjQ_cWzoZ]`�ºaP_iLK c�UWZ�N.PaQoc�r|UWZ�Q_P¸Nnm_^pM)^KX[P
¦ l UWP[X[P)X[Z�«�PK{|S_`wºpP�X[PY«�r�cTUgZ�M)^�zoPKfMK(cWNw^p{jPaQ_^aM�ZwQVUWP�XL^�¦q^DUgfWrj~���SLM�Z�QVUg^KXL^ � v[PaQoX[Z1^
M)^DUgfWrj~1^pSLM�ZwQKUn^aXL^

Dm×n

X[Z
(Σ)

l X_^aXL^�z=Paf

h�£ ij�]k
Dm×n+1 =







(aij)i=1,...,m
j=1,...,n

(bij)i=1,...,m
j=n+1

��z_fWZ]c�ZwQKUn^pfgZ�M�PKc7^�cWZ�taS_r|f7ZON[ZwM�z_{|PVc7zLfg�pUWr�N.PVc
X[Z1^pzL{jrj`wºpP�X[P)M l UgP�XLP_i
PRQ�¯ �TS�U�� �aij� � �(PaQ_cWrjXLZ�fgZ�M�PKc�P)c�ZwtaSLrjQVUWZ1cWrjc�UWZwM�^�{jr|Q_Zw^pf]�

h�£ i £ k




−1 2 40
−2 −4 18

1 3 −5









x
y
z



 =





68
−38

7





� M)^DUgfWrj~1^pSLM�ZwQKUn^aXL^�^acgcWP�N�rj^KXL^�^&Un^p{xcWr�cTUgZ�M)^ l

h�£ i ¥ k




−1 2 40 68
−2 −4 18 −38

1 3 −5 7





��fgrjM�Zwr|fn^pM�ZwQKUgZav�X[Z��KZ�M�PKc Pay[UgZ�f
1
N.PKM�P�Z�QVUWfn^aX_^1Z�M

a11
v�P&\VSLZ�z=P[X[Z�cWZ�f deZ�r|UWP�^DUWfn^�� l c

XL^�PKzoZwfg^K`�ºpP h ��k(PaS h¤£ k�i(
°z[Un^pM�PKc�z=Paf�^pz_{|r�N�^af h �]k.v





1 3 −5 7
−2 −4 18 −38
−1 2 40 68






 zLfWsVN[rjM�P9z_^KcWcWP l ~�Z�fn^pf
^Kc
X[Z�M)^pr�c7Z�QVUgfg^KXL^ac7XL^�zLfgr|M�Zwr|fn^�N.Pa{jSLQ_^_i
�´^pfn^�Ug^aQKUgP_vHzoP[X[ZwM�PKc�W cWZ�tKSLQ_X[Pq^8PKzoZwfg^K`�ºaP h�£ kEW}M9SL{|UWrjzL{|r�N�^af9^8{jr|Q_m_^

2
z=Paf

( 1
2 )
Z

� Î�ÉnÕMX$YTÕ ÈTÄ�ÍVZ]Æ�È\[ÓÏ�Ä
ÈTÄ�Õ
ÄM]�YTÎ¤Ä�Ï�Ä
Ï�Æ_^�ÉnÒ�Ç¤Ç¤Ð�`�Ä�Å�ÏDÉnÍ



�������	� 
 � ��� � ��*��!* ��� ��*!"$������* �!* ���/�O����������*�'8��� )���"G*�%������&%���* �

cWPaM)^pf
^�Z�{�^�^�{|rjQLm_^8�
1
WYzoZw{j^�PKzoZwfg^K`�ºpP h�¥ k

∼





1 3 −5 7
−1 −2 9 −19
−1 2 40 68



 ∼





1 3 −5 7
0 1 4 −12

−1 2 40 68





«�PKM)^pQ_X[P)^�{jr|QLmo^
1
¼�{jr|Q_m_^

3

∼





1 3 −5 7
0 1 4 −12
0 5 35 75





� ZwzoZ�UWrjQ_X[P9P&zLfgP[N.ZwXLr|M�Z�QVUgP_v�X[Z��KZ�M�PKc Pay[UgZ�f
a22 = 1

Z�~�Zwfg^af(^1ZwQVUWfn^aXL^1ZwM
a32

i(�(PaM�P
R��9UWZwM�PKc

a22 = 1
v[yo^ac�Ug^�M&SL{|UWrjzL{jrjNw^pf�^��L{|UWrjM)^�{|rjQLm_^�z=Paf

( 1
5 )
Z1cWPaM)^pf
^�{jr|QLmo^

2
^�Z�{�^Li

∼





1 3 −5 7
0 1 4 −12
0 −1 −7 15



 ∼





1 3 −5 7
0 1 4 −12
0 0 −3 3





K z=Paf7·_M8vLM9SL{uUgr|z_{|r�N�^aQ_X[PY^�{|rjQLm_^
3
z=Paf

(− 1
3 )

∼





1 3 −5 7
0 1 4 −12
0 0 1 1





K c�Ug^ l ^9dePafgM)^�ZwcgN�^p{jPaQo^aXL^9XL^�M)^DUWfgrj~ h�£ i ¥ kni
��cgcWr|M8vLP)cWrjc�UWZwM�^ h�£ i £ k�fgZwX[SL~�¬»cWZ¢¼





1 3 −5
0 1 4
0 0 1









x
y
z



 =





7
−12

1





N�SDR�^�c�PK{|S_`wºpP l

x = 60 y = −16 z = 1

� Z]cWcWZ Nw^acWP_v�UWZwM�PKc/^¶c�ZwtaSLrjQVUWZqrjQVUWZwfWzLfgZ.Un^a`wºpPµtaZwPaM l UgfWr�N�^_� Nw^aXL^µZ]\VS_^a`wºpP¶X[Z]cTUgZ
cWrjc�UWZwM)^¹fgZ�zLfgZwcWZ�QVUn^µSLM mLrjz=Z�fgzL{j^aQLP

2
¬»XLr|M�Z�Qoc�rjPaQ_^arjc�Z�M

R3 i+��Z�M�PKc/z=PafWUg^pQVUgP¶UWf
	wc
mLrjz=Z�fgzL{j^aQLPKc
\VSLZ¢rjQVUWZ�fncWZwN�N�r|PKQ_^pM�¬�c�Z°ZONL^DUn^pM�Z�QVUgZ�Q_P�z=PaQVUgP

(60,−16, 1)
i

PRQ�¯ �TS�U�� �ai £ � J°^KX[P�PYc�r�cTUgZ�M)^
(Γ)

�

h�£ i �Vk








−4 4 68 −16
6 48 276 −30
1 1 −3 2
−3 −3 9 −6













x
y
w



 =









−28
96
9

−27









��Z�{jP�M l UWP[X[PYXLZ�Z]cWNw^p{jPaQ_^aM�Z�QVUWPo�
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







−4 4 68 −16 −28
6 48 276 −30 96
1 1 −3 2 9
−3 −3 9 −6 −27









∼









1 1 −3 2 9
6 48 276 −30 96

−4 4 68 −16 −28
−3 −3 9 −6 −27









∼









1 1 −3 2 9
−1 −8 −46 5 −16
−1 1 17 −4 −7
−1 −1 3 −2 −9









∼





1 1 −3 2 9
0 −7 −49 7 −7
0 0 0 0 0





∼









1 1 −3 2 9
0 −1 −7 1 −1
0 1 7 −1 1
0 0 0 0 0









∼









1 1 −3 2 9
0 1 7 −1 1
0 0 0 0 0
0 0 0 0 0









��cgcWr|M8vLQLPVcWcWP�c�r�cTUgZ�M)^
(Γ)

^KN�^ay_^�fWZ]X[SL~�r�X[P�^

h�£ i��ak {

x+y − 3z + 2w = 9

y + 7z − w = 1
� Z]c�PK{|�KZ�Q_X[P)PYcWr�cTUgZ�M)^ h¤£ i �Kk�Z�M deSLQ_`wºpP¸X[PVc
z_^af��aM�Z�UWfgPKc7{jr|��fgZwc

λ
Z

ϕ ∈ R
vLUgZ�M�PKc

N�PaM�P)c�PK{|S_`wºpP

(x, y, z, w) = (8 + 10λ − 3ϕ, 1 − 7λ + ϕ, λ, ϕ)
h¤£ i �Kk
\VSLZ¢z=P�XLZ�c�Zwf
fWZwZwcgN.fgruUgP�N�PaM�P

(x, y, z, w) = (8, 1, 0, 0) + λ(10,−7, 1, 0) + ϕ(−3, 1, 0, 1)
h¤£ i��ak

��P[X[Z�M�PKc�rjQVUWZ�fgzLfgZ.Un^pf�tKZ�PKM�Z�UWfgrjNw^pM�Z�QVUgZ&P8c�r�cTUgZ�M)^Lv�N�PaM N�^KXL^YZ]\VS_^a`wºpPYfgZ�zLfgZwcWZ�QL¬
Un^pQ_X[P/SLM mLrjz=Z�fgzL{j^aQLP

3
¬»XLr|M�Z�Qoc�rjPaQ_^arjc°Z�M

R4
vFc�ZwQ_X[P/\KS_Z9PVc°m_r|z=Z�fgzL{�^pQLPVc°XL^KX[PKc°z=Z�{�^

UgZ�fnN.Z�rjfn^YZ�\KSo^pfWUg^YZ]\VS_^a`�bVZ]c�X[Z h¤£ i ��k�N�ParjQ_N.r�X[ZwM/i�� rjQVUWZ�fncWZwN�`wºpP¸XLZwcgc�Z]c°\VS_^pUWfgP¸mLrjzoZwf�¬
zL{�^pQ_PKc7fgZwcWSL{uUn^&Q�SLMOc�S_yoZ]c�z_^K`.P)^D·oM

2
¬�X[rjM�ZwQ_cWr|PKQ_^pr�c�v�z_^afg^aM�Z.UWfgrj~w^aXLP&Z�M h¤£ i �Vk�i

�F< 7+; <w@ 5
?I@�<	�§C(?¶C�

��?65�C(<�� <><]C!FG;=@LE�C(<
�5UWP[X[P�cWr�cTUgZ�M)^Y{jr|Q_Zw^pf

(Σ)
Z�M

Rn
vAz=P[X[Z�M�PKc�^acgcWP�N�rj^af�SLM cWrjc�UWZwM)^Y{jr|QLZ]^pf�mLPaM�Pa¬

t 	�QLZwP
(Σ0)

v_XL^aXLP�z=Paf
h¤¥ ij�]k

(Σ0) : AX = 0
J°Z.·_Q_r|M�PKc

α
N.PKM�P�SLM)^�UWfn^pQocTdePKfWM)^a`wºpP9{|rjQLZw^af
�

α(X) := A X
N�SDRTP�ZwcWz_^a`�P�Q�SL{jP h�� Z�fgQLZ�{�k l SLM cWSLy=ZwcWz_^a`�P9{jr|Q_Zw^pf�XLZ

Rn
XL^KX[P�zoPKf

kerα := {X ∈ R
n|α(X) = 0}

�(PKQ_N.{jSLrjM�PVc7zoPKf�Un^pQVUWP�\VSLZ1P�ZwcWz_^a`�P�cWPa{jS_`wºpP
[Σ0]

c�Zwfg��RTS_c�Ug^aM�ZwQVUWZ1P � ZwfWQLZw{FX[Z
α
i

��P[X[Z�M�PKc
XLZ.UWZwfWM�rjQ_^pf
P�Z]c�z_^K`.P)cWPa{jS_`�ºaP
[Σ]

^�z_^pfWUWrjf�X[P � ZwfWQLZw{FX[Z
α
i

h¤¥ i £ k
[Σ] = kerα + XB = [Σ0] + XB

PKQ_X[Z
[Σ0]

l ^�c�PK{|So`�ºpP�X[Z h¤¥ ij�]k(Z
XB

l S_M�^)cWPa{jS_`wºpP�z_^pfWUWr�N.SL{�^pf
X[Z
(Σ)

i

���}Ç�ÆTÅFÆTÇ¤Î¤Ò�ÏDÉnÏ�Ä
Ï]ÆTÎ�ÉnÊ ZDÉnÏDÉnÕ
ÆTÍ.Î�Æ ÆTÕ���Ê���Æ\X�Å�É��.[ÓÍ�Æ�ÉnÅ
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� P)Z�N[Z�M�zL{jP/�Ki £ v[P)c�r�cTUgZ�M)^�mLPaM�PKt 	�Q_Z�P�^acgc�P[N.r�^aXLP9cWZ�fgrj^









−4 4 68 −16
6 48 276 −30
1 1 −3 2
−3 −3 9 −6













x
y
w



 = ~0


 Z]c�zo^a`.P c�PK{|So`�ºpP X[ZwcgcWZ cWrjc�UWZwM)^ cWZ�fgrj^5P cWSLy=ZwcWz_^a`�P
2
¬»XLr|M�Z�Qoc�rjPaQ_^arjc X[Z

R4
v

z_^afg^aM�Z.UWfgrj~w^aXLP&z=Paf

kerα = {(x, y, z, w) = λ(10,−7, 1, 0) + ϕ(−3, 1, 0, 1), λ, ϕ ∈ R}
� ©)� zoPVcWcW�j�aZ�{�c�PK{|So`�ºpP��_�	����¡�À�¨�
|�	�§z_^afg^qP}c�r�c�UWZ�M)^}Q_ºpPa¬�mLPKM�Pat 	wQLZ�P h�£ i �Vk1cWZ�fgrj^qP

z=PaQVUWP
(x, y, z, w) = (12,−4, 1, 2)

i
��cgcWr|M8v=zoPKf h�¥ i £ k�v=Pay[UgZ�fg�j^aM�PKc�N�PaM�P¸cWPa{jS_`�ºaP)z_^pfn^
h�£ i �Vk(P�M�Z]c�M�PYcWSLy=ZwcWz_^a`�P9z_^afg^aM�Z.UWfgrj~w^aXLP&Z�M h¤£ i �Vk�v

[Γ] = {(x, y, z, w) = (12,−4, 1, 2) + µ(10,−7, 1, 0) + ν(−3, 1, 0, 1), µ, ν ∈ R}
��< C
�!5VB F�� F ;�C(<

h �]kDJ�Z�UWZwfWM�rjQ_^pf
a
Z

b
z_^pfn^9\VSLZ1P�cWrjc�UWZwM�^�^ay_^pr N[P�cWZTR�^�z=PKcgc��j�aZw{=Z1X[Z�UWZwfWM�rjQ_^aX[P8�














3x − 7y = a
x + y = b

5x + 3y = 5a + 2b
x + 2y = a + b − 1h�£ kDJ�Z�UWZwfWM�rjQ_^pf
P)�D^p{jPaf
X[Z
k
z_^afg^�\VSLZ1P)c�r�cTUgZ�M)^

{

x + 2y + kz = 1
2x + ky + 8z = 3UWZwQLm_^8�

h ^Kk/cWPa{jS_`�ºaP9�LQ_rjNw^��
h yok/QLZwQLm�SLM)^�cWPa{jS_`wºpP��
h Nwk�M)^pr�c
X[Z¢SLM)^)c�PK{|So`�ºpPoi

h¤¥ k � ZwcWPa{j�aZwfwv[z=Paf
Z]cWNw^p{jPaQ_^aM�Z�QVUWPovVPVc
c�ZwtaSLrjQVUWZ]c
c�r�cTUgZ�M)^acwv[ZON[zLfgZwcgcg^pf
^ac
cWPa{jS_`.b�Z]c
Z�M�UgZ�fgM�PVc X[Z°taZwfg^KX[PafgZwc�Z°r|QVUWZwfWz_fWZ�Ug^pf taZ�PKM�Z.UWfgr�N�^pM�ZwQKUgZ
PKc(fWZ]c�S_{uUn^aX[PVc´Pay[Ugru¬
X[PKc¢�
h ^Kk

{

4x + 3y − z + t = 0
x − y + 2z − t = 0h yok







x + 5y + 4z − 13w = 3
3x − y + 2z + 5w = 2
2x + 2y + 3z − 4w = 1h Nwk






x − y + 2z − t = 0
3x + y + 3z + t = 0
x − y − z − 5t = 0h �VkDJ°^KX[P)P)c�r�c�UWZ�M)^







3x + 3y − 2z − t = 2
5x + 2y + z − 2t = 1
2x − y + 3z − t = −1h ^Kk�J°Z.UWZwfWM�rjQLZ�^�c�PK{|So`�ºpP�X[P)cWrjc�UWZwM�^�mLPKM�Pat 	wQLZ�P�^acgcWP�N�rj^KX[P_i

h yokBJ°Z.UWZwfWM�rjQLZ�^�c�PK{|So`�ºpP�X[P)cWrjc�UWZwM�^�XL^KX[P_i
h NwkDK N[zLfgZwcgc�Z1^�cWPa{jS_`�ºaP�^aQKUgZ�fgr|PKf(ZwM+UgZ�fgM�PVc
X[Z1taZwfg^KX[PafgZwcwi
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h �ak � ZwcWPa{j�D^�P�cWr�cTUgZ�M)^

{

2
u + 3

v = 8
1
u − 1

v = −1h �KkDJ�r�cgN.S[Un^�PKc
cWZ�taS_r|QVUWZ]c
c�r�c�UWZ�M)^Kc
h ^Kk







x + z = 4
y + z = 5
ax + z = 4h yok















x + z + w = 0
x + ky + k2w = 1

x + (k + 1)z + w = 1
x + z + kw = 2h Nwk

{

x + my − (m + 1)z = 1
mx + 4y + (m − 1)z = 3h X_k






2x + 4y + 3z = 9
6x + 7z = 13

4x + 2y + az = bh �pk��°S_^p{ l ^§N.PaQoX[rj`wºpP8QLZ]N.Zwcgcg�pfgrj^/ZYcWS[·oN.rjZ�QVUgZ)z_^pfn^8\KS_Z¸^§c�PK{|So`�ºpP8X[PqcWrjc�UWZwM)^
{|rjQLZ]^pf

{

x − 4y = a
6x + ky = bc�Z�R�^�SLM�zo^pf
X[Z1Q��LM�Z�fgPKc�rjQKUgZ�rjfWPVc�vL\VS_^arjcg\VSLZ�f
\VSLZ�cWZTR�^aM

a
Z

b
rjQVUWZwr|fgPKc��

h�� k/«[^py=Z�QoX[PY\VSLZ¢P�cWr�cTUgZ�M)^






x + y + z = 1
mx + 2y + 3z = 7
m2x + 4y + 9z = 1

^aX[M�r|UWZqS_M�^¶�LQLr�N�^¹cWPa{jS_`wºpP_v�z=P�XLZ�M�PKc�N.PaQoN.{jSLr|f/\VSLZ
m

z=P[X[Z ^KcWcWSLM�rjf
UWP[X[PVc
PKc��D^p{jPafgZwc7X[P)rjQVUWZ�fg�D^p{jP9fgZw^a{´�

h ^Vk�� 	_v|��
 h yok��j�av £ 
 h Nwk�� £ v ¥ 
 h Xok�� ¥ v �

 h Z]k�� 	Lv ��

h�� k/«�ZTR�^





a 0 b 2
a a 4 4
0 a 2 b





^,M)^DUWfgrj~q^pM�zL{jrj^KXL^,X[Z§SLM cWr�cTUgZ�M)^,{|rjQLZ]^pf]i ��^afg^,\VSLZ§�D^p{jPafgZwc�X[Z
a
Z

b
P

c�r�c�UWZ�M)^�^aXLM�r|UWZ)�
h ^Kk/cWPa{jS_`�ºaP9�LQ_rjNw^
h yok8cWPa{jS_`�ºaP�N�PaM+SLM z_^pf �pM�Z�UWfgP
h Nwk/cWPa{jS_`�ºaP�N�PaM�X[PKrjc7zo^pf �pM�Z.UgfWPVc
h X_k/QLZwQLm�SLM)^�cWPa{jS_`wºpP

h ��	KkDJ�r�cgN.S[Un^)^�cWPa{jS_`wºpP�X[P)c�r�cTUgZ�M)^







3x + 5y + 12z − w = −3
x + y + 4z − w = −6

2y + 2z + w = 5�
N.fgZwcgN.ZwQKUgZ°^&Zw\VS_^a`wºpP
2z + kw = 9

^�Z]cTUgZ�cWr�cTUgZ�M)^&Z�Z�QoN.PaQVUgfWZ°SLM �D^p{jPaf
X[Z

k
\VSLZ¢P9UgPafgQLZ¢r|M�z=PKcgc��j�aZw{¤i
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h �K�]kDJ�Z�UWZwfWM�rjQLZ(PVcx�D^a{|PKfWZ]cxX[Z
a
v
b
Z

c
\VSLZ(d�^a`w^pM N.PKM \VSLZ(P�tKfg^K�D·oN�P�X[P�z=Pa{jr|Q��aM�r|P

p(x) = ax2 + bx + c
z_^KcWcWZ¢zoZw{|PVc7zoPKQKUgPKc

(1, 2), (−1, 6), (2, 3)
i

h � £ kDJ°^KX[PKc
f(x) = ax2 + bx + c

Z
g(x) = 2ax + b

voX[Z�UWZwfWM�rjQLZ�PKc���^a{|PKfWZ1X[Z
a
v
bZ

c
z_^pfn^9\VSLZ

f
z_^acgc�Z�z=Z�{jPKc
z=PaQVUWPVc

(−1, 0), (2,−9)
Z�\KS_Z

2
cWZTR�^�fg^ar|~1X[Z

g
i

h � ¥ kDJ�Z�UWZwfWM�rjQ_^pf�PKcHz=Pa{jr|Q��aM�r|PVcHfWZ]^pr�c
q(x)

X[P¢c�ZwtaSLQ_XLP�tafn^pS9\KS_Z��KZ�fgru·=N�^pM ^°rjXLZ�Q[¬
UWr�XL^aXLZ

q(x) = q(1 − x)∀x ∈ R
i

h � �Vk8�(PaQ_cWr�X[Z�fgZ)^ac1M)^DUgfWrj~�Z]c¢fWZ]^pr�c��
A =

(

3 −1
1 1

) Z
B =

(

x
y

)

6=

(

0
0

) i
J�Z�UWZwfWM�rjQLZ1�D^p{jPafgZwc�fWZ]^pr�c7z_^pfn^

k, x
Z

y
Un^pr�c
\KS_Z

AB = kB
i

h � �ak � Z�z_ruUn^�P�Z�N[Z�fnN.��N.rjP�^aQKUgZ�fgr|PKf7z_^pfn^9^Kc7M)^DUWfgrj~�Zwc
(

2 1
1 2

)

,

(

11 −12
−12 4

)

e

(

1 1
1 1

)

K c�UWZ¸Z�N[Z�fnN.��N.rjPqM�Z�fgZwN.Z�^p{jtaSLM�N.PKM�ZwQVUg�pfgrjP_i ��^aX_^§�D^p{jPaf�PKy[UWr�X[P}zo^pfn^8P
ZwcgN�^a{j^af

k
l Nnm_^aM�^KX[P1SLM @LG�@wC���@�9¤C_B XL^�M�^pUWfgr|~

A
vKZ°N�^aX_^�c�PK{|So`�ºpP

B
N.PafgfgZwc�¬

zoPKQ_X[ZwQKUgZ l Nnmo^pM)^aXL^�X[Z @LG�@wC���5V@]C_B X[Z
A
^acgc�P[N�rj^KX[P)^pPY^pSLUWPD�D^p{jPaf

k
i��´P[N 	

c�ZwfWr�^¢N�^az_^p~
X[Z
rjQVUWZ�fgzLfgZ.Un^pf�taZwPaM l UgfWr�N�^aM�ZwQVUWZ7^�cWr|UWS_^K`�ºpP1N�PaM5^1\VS_^a{[Zwc�Ug^pM�PVc
{|r�XL^aQ_X[P �

h � �Kk K�Q_N�PaQVUWfgZ1PKc7^pSLUWPD�D^p{jPafgZwc�Z¢PKc
^aS[UWPD�KZ.UWPKfWZ]c(X_^ac
cWZ�taS_r|QVUWZ]c7M)^DUWfgrj~�Zwc¢�





5 0 1
1 1 0
−7 1 0



 ,





4 2 0
−1 1 0
0 1 2



 ,





3 0 −4
0 3 5
0 0 −1





h � �pk8�(PaQ_cWr�X[Z�fgZ)PKc�cWZ�tKSLrjQKUgZwc�cWr�cTUgZ�M)^ac1{jrjQLZw^afWZ]c�^py_^ar N[PovxPaQoX[ZYPKc&N.P�Z.·oN�r|ZwQVUWZwc1UWPp¬
M)^pM��D^a{|PKfWZ]c(Q_P�N�PafgzoP)X[PVc
N.PKM�z_{|Z�N�PVc

(C)
i

{

2x + (−1 + i)y + w = 0
3y − 2iz + 5w = 0

{ (

1 + i
2

)

x + 8y − iz − w = 0
2
3x − 1

2y + z + 7w = 0

Oc�ZwtaSLQoX[P}cWrjc�UWZwM�^qzoP[X[Z8c�Zwf&PKy[UWr�X[P ^}z_^pfWUWrjf9XLP}zLfgr|M�Zwr|fgP}^DUgfg^�� l c�XLZ

Paz=Z�fn^a`�bVZ]c�Z�{jZ�M�Z�QVUg^afWZ]c��
h � � k K�Q_N�PaQVUWfgZ¢UWP[XL^Kc
^ac
cWPa{jS_`.b�Zwc7X[P)cWrjc�UWZwM)^

{

(1 − i)x − iy = 0
2x + (1 − i)y = 0

h � � k8�(PaQ_cWr�X[Z�fgZYP}cWrjc�UWZwM)^qX[ZYZ]\KSo^a`.b�Z]c
AX = 0

v�PaQoX[Z
A =

(

a b
c d

) l SLM)^
M)^DUWfgrj~¢N�PaMON.P�Z.·oN�r|ZwQVUWZwc
N�PaM�zL{jZON[PKcwi�¦§PKc�UWfgZ1\KS_Z��
h ^Kk8«�Z

ad − bc 6= 0
vHP}cWrjc�UWZwM)^

AX = 0
zoPVcWcWSLr(^azoZwQ_^ac&^qc�PK{|So`�ºpP/UgfWrj��rj^a{

x = y = 0
i

h yok§«�Z
ad − bc = 0

Z&^p{jtaSLM)^�ZwQKUgfg^KXL^)X[Z
A
l Q_ºpP¸QVS_{j^_v_Z�QVUnºpP)ZON[r�cTUgZ�SLM)^

cWPa{�`�ºpP
(x0, y0)

Un^p{
\VSLZ
(x, y)

l c�PK{|S_`wºpP}cWZav Z/cWPaM�Z�QVUgZ/cWZav�Z�N[rjc�UWZ�SLM
ZwcgN�^a{j^af�N�PaM�zL{jZON[P

k
Ug^p{F\VSLZ

x = kx0
Z

y = ky0
i

h¤£ 	Kk K�Q_N�PaQVUWfgZ�X[S_^Kc7M�^pUWfgr|~wZwc
2 × 2

XLrjc�UWrjQVUg^ac�Un^pr�c
\VSLZ
A2 = 0

M�^Kc
A 6= 0

i
h¤£ �]k/«�ZTR�^aM

A, B
M)^DUWfgrj~�Zwc°Un^pr�c1\KS_Z

AB = I
vxPKQ_X[Z

I
l ^/M�^pUWfgr|~�r�X[Z�QVUgrjXL^KX[Z)XL^

PafnX[Z�M!QLZ]N.Zwcgcg�pfgrj^_i8¦qPKc�UWfgZ¸\VSLZ
BA = I

i��Tc�UWP l �D�p{jrjX[P z_^pfn^8M)^DUgfWrj~�Z]c&X[Z
\VS_^pr�cW\VSLZwf
PafnX[Z�Qoc �

h¤£K£ k/«�ZTR�^
(

C11 C12

C21 C22

)

SLM)^�M)^DUgfWrj~
2×2

i�¦§PVcTUgfWZ�\VSLZ(ZON[rjc�UWZwM­M)^pUWfgr|~wZwc
2×2

Un^pr�cx\VSLZ
C = AB−BAc�ZKvLZ1c�PKM�Z�QVUWZ1cWZav

C11 + C22 = 0
i
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h¤£a¥ k�¦§PKc�UWfgZ1\VSLZ�^�M�^pUWfgr|~











1 1
2 · · · 1

n
1
2

1
3 · · · 1

n+1iii iii iii iii
1
n

1
n+1 · · · 1

2n−1











l r|Q��aZwfgcW�j�aZ�{�i
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;o<���5��H?H;�IKJLC @�9 
(3���B ;=FG@
� cWZ�taS_r|f]vLX[Z.·oQLr|fgZ�M�PVc���¿K¡��D©)�D��¡�Àn�D©)¾.�o�»¾�SLM�Z]c�z_^K`.P��aZ�UWPKfWr�^p{AfgZw^p{

(Rn)
i

®�¯ ����±F�e�o�F� £ ij� � 	�M�ZwcWz_^a`�P��aZ�UWPafgr�^p{LfgZw^a{
Rn l Z]cTUn^py=Z�{jZwN�rjX[P&zoZw{j^9c�ZwtaSLrjQVUWZ�Z]cTUgfWSL¬

UgSLfg^_�
h �]k8
 N�PaQDRTS_QKUgP)X[Z¢UWP[XL^Kc
^ac7Q[¬»SLzL{�^ac

X = (x1, . . . , xn),
N.PaM

x1, . . . , xn ∈ R
i

h�£ kDJ�So^ac´PKzoZwfg^K`.b�ZwcwvpX[Z�Q_PaM�r|Qo^aXL^Kc�«�PaM)^�Z�¦§SL{|UWrjzL{jrjNw^a`�ºaP1zoPKf´ZwcgN�^a{j^afwvpX[Z�·_QLr�XL^ac
X[Z¢dePafgM)^�^9z=PKcgcWSLr|fgZ�M ^ac
cWZ�taS_r|QVUWZ]c�zLfWPKzLfgr|Z]XL^aX[Z]c�i
«�ZTR�^aM

X = (x1, . . . , xn), Y = (y1, . . . , yn), Z = (z1, . . . , zn) ∈ Rn
Z

r, s ∈ R
i

��fgPazLfgrjZwXL^KX[Zwc7XL^)«�PKM�^
h «��]k

X + Y = Y + Xh « £ k
(X + Y ) + Z = X + (Y + Z)h « ¥ kDK N[rjc�UWZ1S_M��LQLr�N.P�Zw{|ZwM�ZwQVUWP

O
Ug^a{F\KS_Z

O + X = Xh « �Vk��´^pfn^YN�^KXL^YZw{|ZwM�ZwQVUWP
X

ZON[rjc�UWZ9SLM �LQLr�N.P�Z�{jZ�M�Z�QVUgP
−X

Ug^a{�\VSLZ
X + (−X) = 0

i
��fgPazLfgrjZwXL^KX[Zwc7XL^�¦§SL{|UWrjzL{jrjNw^a`wºpP�zoPKf
ZwcgN�^a{j^af
h ¦¶�]k

r(X + Y ) = rX + rYh ¦ £ k
0 X = Oh ¦ ¥ k
r s(X) = r(s X)h ¦ �Vk
(r + s)X = rX + sX��cgc�rjM8v_X[Z�·_QLrjM�PVc
^ac
X[So^ac
PKzoZwfg^K`.b�Zwc�N.PKM�P

h �°k8� cWPaM)^
X + Y

l XL^aXL^�z=Paf

X + Y = (x1 + y1, . . . , xn + yn)
Z¢z=PafWUg^pQVUgP9Un^pM9y l M+zoZwf�UgZ�Q_N�Z�^

Rn
i

h�� k/� M9SL{uUgr|z_{|r�N�^K`�ºpP�z=Paf
ZwcgN�^a{j^af
rX

l XL^aX_^9z=Paf

rX = (rx1, . . . , rxn)
Z¢z=PafWUg^pQVUgP9Un^pM9y l M+zoZwf�UgZ�Q_N�Z�^

Rn
i

0F<���5��H?H;�IKJLC
	�5�C�?I3V@wBV;=FG@
�!QLP[`�ºaP¶M)^pr�c�z_fWrjM)�pfgrj^¶\VSLZ UWZwM�PKc8X[Z �aZ.UgPaf l ^K\KS_Z�{�^¹X[Z,N�^afg�pUWZ�f�zLSLfn^pM�Z�QVUgZ
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N�PaM&y_r|Q_^K`�ºaP9{jr|Q_Zw^pf
X[P�Ugr|z=P

h�£ ij�]k ~l =

k
∑

i=1

λi~vi,
PaQ_X[Z¢PVc

λi
cgºpP�ZwcgN�^a{j^afWZ]c7\KSo^pr�cW\VSLZwfwi

PRQ�¯ �TS�U�� ¥ i ¥ � �(PaQ_cWrjXLZ�fgZ�M�PKc�P��aZ�UWPaf
~v = (1, 2)

Z�M
R

2 i��HP[X[ZwM�PKc
M9SL{uUgr|z_{|r�N��p¬�{jP
z=PafHSLM z_^pf �pM�Z�UWfgP�{|rj��fWZ

λ1
Z�^KcWcWrjM/v�Zw{|Z(taZ�fn^pfn�
^�fgZ.Un^

(x, y) = (λ1, 2λ1)
vpX[Z(N�PVZ�·oN.rjZ�QVUgZ

^aQLtaSL{�^pf
α = 2

z_^acgcg^pQ_X[P�z=Z�{�^)PafgrjtaZ�M8i_J�^)M�ZwcWM)^�dePafgM)^LvLPY�KZ.UgPaf
P)�aZ�UWPKf
~v = (2, 4)

v
\VS_^aQ_X[P�M&SL{|UWrjzL{jrjNw^aX[P�z=Z�{jP)z_^pf �pM�Z�UWfgP&{jr|��fgZ

λ2
taZwfg^afg��^�M�ZwcWM�^�fgZ.Un^Li

«[^ayoZwQ_X[P¹XL^µcWZw`wºpPµ^pQVUgZ�fgr|PKfY\KS_Z8UWP[X[P¶�KZ.UWPKf){|rjQLZ]^pfgM�ZwQVUWZqX[ZwzoZwQ_X[Z�QVUgZqzoP[X[Z c�Zwf
X[Z]cWN�fWr|UWP¶N�PaM�PµN.PKM&yLrjQ_^a`wºpP,{jr|QLZ]^pf¸XLZ§�aZ.UgPafgZwc�{jr|Q_Zw^pM�ZwQKUgZ§r|QoX[Z�z=Z�Q_XLZ�QVUWZ]c�v
z=P[X[Z�M�PKc
^p·_fWM)^afF\KS_Z´SLM N�PaQDRTS_QKUgP
taZwfg^KX[Paf

S
N.PKM�zoPVcTUgP
zoPKfF�aZ�UWPafgZwcA{jrjQLZw^afWM�Z�QVUgZHrjQ_X[ZwzoZwQ_X[ZwQKUgZwc

l P�M�Z�Q_Paf°N�PaQDRTS_QKUgP�tKZ�fn^aX[PKf�X[P/c�SLyoc�z_^K`.P
L(S)

i�
°S c�Z�R�^L��^)dePKfWM)^¸M�^arjc°ZwN�PaQ �KM�rjNw^
X[Z/c�Z¸taZ�fn^pf&P}c�S_yoZ]c�z_^K`.P l ^DUgfg^�� l c1X[Z�taZ�fn^aXLPafgZwc¢{jr|QLZ]^pfgM�Z�QVUWZYrjQ_X[ZwzoZwQ_X[ZwQKUgZwcwi8K cgcg^
N�PaQ_N�{|S_cgºpP�QLPVc7{|Zw��^�^�X[Z�·_QLr�`�ºpP)X[Z1yo^acWZ¢XLZ�S_M�ZwcWz_^K`.P_i

®�¯ ����±F�e�o�F� ¥ i £ � J�rj~�ZwM�PKc�\VSLZ
~v1, . . . , ~vk

cgºpP)SLM)^)y_^Kc�Z9X[PYZwcWz_^K`.P��aZ�UWPafgr�^p{
V
cWZ

Zw{|Z]c�dePafgZ�M {|rjQLZw^afWM�ZwQKUgZ
r|QoX[Z�z=Z�Q_XLZ�QVUWZ]c�Z
taZwfg^afWZwM
V
W&PaS)cWZTR�^LvVc�Z�\VS_^a{j\VSLZwf��aZ�UWPKf�X[Z

VzLSoX[Z�f�cWZ�f
Z�N�z_fWZ]cWcWP�N�PaM�P�SLM)^)N.PKM&yLrjQ_^a`wºpP�{|rjQLZ]^pf
XL^�y_^Kc�ZKi��(mo^pM)^pM�PKc
XLZ�X[r|M�ZwQ_cWºaP
P�Q��LM�Z�fgP

k
X[Z1�KZ.UgPafgZwc�{|rjQLZ]^pfgM�ZwQVUWZ¢r|QoX[Z�z=Z�Q_XLZ�QVUWZ]c
QLZwN�ZwcgcW�afWrjPKc(z_^afg^9taZwfg^pf7P�ZwcWz_^K`.P_i

�5rjM�zoPKf�Un^pQVUWZ�QLPpUn^pf�\KS_Z�^ac&y_^acWZwc9X[Z¸S_M ZwcWz_^a`�P§�aZ.UgPafgrj^a{ Q_ºaP}cgºpPq�LQ_rjNw^acw��z=Paf
Z�N�ZwM�zL{|Pov´Z�M

R3
v \VS_^pr�cW\VSLZwf&Ugf 	]c&�KZ.UgPafgZwc�{jrjQLZw^afWM�Z�QVUgZ¸rjQ_X[Z�z=Z�QoX[Z�QVUWZ]c�QLPKc&dePafgQLZwN�Z�M

SLM)^&y_^acWZ�z_^afg^1Ug^p{AZ]c�z_^K`.Poi6J�^&M�ZwcWM)^1dePKfWM)^Lv�\VS_^pr�cg\KS_Z�f
n
�KZ.UgPafgZwc�{jrjQLZw^afWM�Z�QVUgZ�rjQ_X[Z.¬

z=Z�Q_XLZ�QVUWZ]c7Z�M
Rn

X[Z�UWZ�fgM�r|Qo^pM+SLM)^�z=PKcgc��j�aZw{=yo^acWZ�zo^pfn^�Un^p{�ZwcWz_^K`.P_i´�°cWcWr|M8v[z=P[X[Z�M�PKc
^p·_fWM)^af�\KS_Z&N�^KXL^�y_^acWZ1QLPKc
dePafgQLZwN�Z1SLMOcWr�cTUgZ�M)^)X[Z&N�PVPKfgXLZ�Q_^KXL^acwvL^ac�\VS_^arjc�cWºaP�XLZ.UWZwf�¬
M�rjQ_^aXL^Kc�z=Z�{jPKc°ZwcgN�^a{j^afWZ]c

λi
i1	�M ZON[Z�M�zL{jP�N�{j^afWP¸XLrjcgc�P�Zwc�Ug��XL^aX[P�QLP¸Z�N[Z�M�zL{jP £ i £ XLP

Nw^pzL�|UWSL{jP)^pQVUWZwfWrjPaf]i
½ fgZw\VSLZwQVUWZ�M�ZwQKUgZav S[Ugr|{jr|~]^pM�PKc!N.PKM�P y_^acWZ XLZ

R
n P N.PaQpRTSLQVUWP XLZ �aZ�UWPKfWZ]c

{(1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, 0, 0, . . . , 1)}
v´\VSLZ¸dePKfWM)^aM SLM)^}y_^acWZ¸PKf�UgPaQLPKf�¬

M)^p{ h N�^KXL^,�aZ�UWPKfYXL^,y_^acWZ l PafWUWPKtaPKQ_^p{7^ UWP[X[PVc)PKcYXLZ�M)^pr�c�Z}^,QLPKfWM)^,X[ZqN�^KXL^ SLM
X[Zw{|Z]c l S_QLruUn�pfgrj^Vk�i �´ZwfWZwM�PKc/\KS_Z,^ zLfgZ.deZwf 	wQ_N.r�^¶z=Paf8Zwcgcg^¹y_^Kc�Z,X[Zw�aZ.¬�cWZ ^pP¹d�^DUgP XLZ
\VSLZ/^}X[Z�UWZ�M�rjQ_^a`wºpP}X_^ac�N.P�PafnX[Z�Qo^aXL^Kc�X[Z�\VS_^a{j\VSLZwf9�KZ.UgPaf9XLP}ZwcWz_^K`.P}N�PaM�fWZ]c�z=Z�r|UWP ^
Z]cWcg^§y_^Kc�Z)UgPafgQ_^D¬�cWZYr|M�Z]X[rj^pUg^_i8K�M z_^af�UgrjN�SL{�^pf]v�ZwM

R3 fgZ�zLfgZwcWZ�QVUg^aM�PKc1Z]cWcg^§y_^Kc�ZYz=Paf
{̂i, ĵ, k̂} = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}

i
PRQ�¯ �TS�U�� ¥ i � � J°P�ZON[Z�M�zL{jP ¥ i|�Kv[cW^ayoZwM�PVc(\VSLZ1cWZ°P�N.PKQDRTSLQVUWP�X[Z¢�aZ�UWPKfWZ]c

{~vi}
Z�M

L
dePKf {jr|Q_Zw^pfgM�Z�QVUWZ�XLZ�z=Z�Q_X[ZwQVUWZav�^1cWPa{jS_`�ºaP¢cWZ�fn��SLM c�S_yoZ]c�z_^K`.P1X[Z�XLr|M�Z�QocWºaP

d
vVPaS)c�Z�R�^Lv

dim(kerα) = d 6= 0
i�¦qPKc�UWfn^pfgZ�M�PKcH^ptKPafn^�\VSLZ

{~vi}
z=PKcgcWSLr

(n−d)
�aZ�UWPafgZwcH{jr|Q_Zw^pfgM�Z�QVUWZ

rjQ_X[ZwzoZwQ_X[Z�QVUgZwcwi
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��QLr�N.r�^p{jM�Z�QVUWZKvxUgZ�M�PKc�^/M)^DUgfWrj~
L
N�SDR�^ac�N�Pa{jSLQ_^Kc1cWºaP/PVc1�aZ�UWPKfWZ]c°ZwM

Rn \VSLZY\VSLZ.¬
fgZ�M�PKc��aZ�fgr|·oN�^afwvLZ9\KS_Z�zoPKf�Un^pQVUWPovLUgZ�M

n
{|rjQLm_^Kc�i � P�c�r�cTUgZ�M)^

L′ Z]cWNw^p{jPaQ_^KX[P_v_cg^py=Z�M�PVc
\VSLZ,^ac/{jr|QLmo^ac/XL^¹M)^pUWfgr|~,\VSLZ cgºpP {|rjQLZ]^pfgM�ZwQVUWZ,X[Z�z=Z�Q_XLZ�QVUWZ]c/cWZ�fnºpP¹Z�{jr|M�rjQ_^aXL^Kc�i+�
Nw^aXL^ {|rjQLm_^µ\VSLZ l Zw{|rjM�r|Q_^KXL^Lv(zoP[X[ZwM�PKc)^DUgfWrjyLSLrjf)SLM z_^pf �pM�Z.UgfWP {|rj��fWZ§^aP,cWSLy=ZwcWz_^a`�P
cWPa{jS_`�ºaP§X[Pqc�r�c�UWZ�M)^§m_PaM�Pat 	�QLZwP h � ZwfWQLZw{�k.i¸��PafWUg^aQVUWP_v

dim(kerα) = d
N�PafgfWZ]c�z=PaQ_XLZ�fn�

^aP Q��LM�Z�fgPµX[Z8{|rjQLm_^Kc�{|rjQLZ]^pfgM�ZwQVUWZµ�a¾ �L¾��=�K¾.�o�»¾.�qX[Z
L′ i �FPatKP_v(fWZ]cTUn^pfnºpPqQLPµcWrjc�UWZwM)^

(n − d)
{|rjQLm_^Kc�v={|rjQLZw^afWM�ZwQKUgZY¡��=�K¾ �_¾��=�a¾��_��¾.�ni�
°S}cWZTR�^_v

posto linha = (n − d)
i1�(PKM�P

posto linha = posto coluna
vaUWZ�fgZ�M�PVc

(n−d)
N.PK{|SLQo^ac�{jrjQLZw^afWM�Z�QVUgZ�r|QoX[Z�z=Z�Q_XLZ�QVUWZ]c ZwM

L′ voc�ZwQ_X[P�zoPKf�Un^pQVUWP�ZwcgcWZ�P�Q��LM�Z�fgP)X[Z1�aZ�UWPKfWZ]c({jrjQLZw^afWM�Z�QVUgZ°rjQ_X[ZwzoZwQ_X[Z�QVUgZwc
ZwM {~vi}
i

�x< C
�!5VB F�� F ;�C(<
h �]k K�Q_N�PaQVUWfgZ¢Z�M+N�^KXL^�N�^acWP&PVc�ZwcgN�^p{�^pfgZwc

x
Z

y
Un^pr�c7\KS_Z

x(̂i− ĵ) + y(̂i + ĵ)
cWZTR�^

r|tKS_^p{F^
h ^Kk

îh yok
ĵh Nwk
3̂i− 5ĵh X_k
7̂i + 5ĵ

h�£ k/«�Z
A = (2,−1, 1)

v
B = (1, 2,−1)

Z
C = (2,−11, 7)

cgºpP/UWf
	wc¢�KZ.UgPafgZwc¢Z�M
R3 v[ZwQ_N.PKQVUWfgZ�Z]cWNw^p{�^pfgZwc x

Z
y
Ug^arjc�\KS_Z

C = xA + yB
i

h¤¥ k¸��fgPD�aZ(\VSLZ7PEK N[Z�fnN.��N.rjP ¥ Q_ºpP�UWZwM5c�PK{|So`�ºpP°c�Z
C
dePaf´cWSLy_c�UWr|UWSL��X[P�zoPKf

(2, 11, 7)
i

��Paf�\VSLZ1r�cWcWP9P[N�PafgfWZ �

h �Vk/«�ZTR�^aM
A
Z

B
X[Par�c7�aZ�UWPKfWZ]c(QoºpPp¬»Q�SL{jPKc�Z�M

Rn
i´��fWPD�KZ�\VSLZ

h ^Kk8«�Z
A
Z

B
cWºaP�zo^pfn^p{jZ�{jPKcwv

A
Z

B
cWºaP�{|rjQLZw^afWM�Z�QVUgZ¢XLZ�z=Z�Q_X[ZwQVUWZwcwi

h yok§«�Z
A
Z

B
cWºaP�QoºpPp¬»z_^afg^a{|Zw{|PVc�v

A
Z

B
cgºpP�{|rjQLZ]^pfgM�ZwQVUWZ�r|Q_XLZ�z=Z�Q_X[ZwQVUWZwcwi

h �ak/«�ZTR�^aM
A = (1, 1, 1, 0), B = (0, 1, 1, 1)

Z
C = (1, 1, 0, 0)

�aZ.UgPafgZwc7X[Z
R

4 ih ^Kk�J°Z.UWZwM�r|QLZ�cWZ
A, B, C

cWºaP°{jrjQLZw^afWM�Z�QVUgZ
r|Q_XLZ�z=Z�Q_X[ZwQVUWZwc�PaS)X[Z�z=Z�QoX[Z�QVUWZ]c�i
h yok�K N[rjy_^�SLM��KZ.UWPKf

D
Un^p{x\VSLZ

A, B, C, D
cWZTR�^pM�{|rjQLZw^afWM�ZwQKUgZ1X[Z�z=Z�Q_XLZ�Q[¬

UWZ]c�i
h NwkDK N[rjy_^}S_M �aZ.UgPaf

E
Un^p{
\VSLZ

A, B, C, E
c�Z�R�^pM {jr|QLZ]^pfgM�Z�QVUWZ�r|Q_XLZ�z=Z�Q[¬

X[ZwQKUgZwcwi
h X_k8	�cg^pQoX[P P �aZ�UWPaf

E
XLZ.UWZwfWM�rjQ_^aXLP QLP ruUgZ�M ^pQVUWZwfWrjPaf]v Z�N�z_fWZ]cWcWZ

X = (1, 2, 3, 4)
N�PaM�P)N.PaM9yLrjQ_^a`wºpP�{|rjQLZw^af�X[Z

A, B, C, E
i

h �Kk¸��fgPD�aZ�\KS_Z�S_M N.PKQDRTSLQVUWP
S
X[Z�UWf
	wc¢�aZ�UWPKfWZ]c�ZwM

R3 l SLM)^�yo^acWZ�X[Z R3
��¾¸¾

���D©)¾.�o�»¾���¾1P�ZwcWz_^a`�P
L(S)

z=Paf
Zw{|Z¢taZwfg^KX[P�N.PaQVUgr|�KZ�f7PKc�Ugf 	]c7�aZ.UgPafgZwc
î, ĵ, k̂

i

h �pk K�Q�SLQ_N�r|Z1Z1zLfgPD�aZ¢^�taZwQLZ�fn^p{jr|~]^a`wºpP9XLP�r|UWZwM ^aQKUgZ�fgr|PKf7z_^pfn^
Rn i

h�� k8�(PaQ_cWr�X[Z�fgZ PVc cWZ�tKSLr|QVUgZwc N�PaQDRTS_QKUgPKc X[Z �aZ.UgPafgZwc Z�M
R3
�

S = {(1, 1, 1), (0, 1, 2), (1, 0,−1)}
T = {(2, 1, 0), (2, 0,−2)}
U = {(1, 2, 3), (1, 3, 5)}h ^Kk���fgPD�aZ¢\VSLZ

L(T ) ⊆ L(S)
i

h yokBJ°Z.UWZwfWM�rjQLZYUgP[XL^ac�^ac9fWZw{j^K`.b�Zwc9X[Z¸rjQ_N�{|S_cgºpP}���a{|r�XL^Kc&ZwQKUgfWZ�PKc9N.PaQpRTSLQVUWPKc
L(S), L(T )

Z
L(U)

i
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K�M

R
n v z=P�XLZ�M�PKc)X[Z�·_QLrjf�P z_fWP[X[S[UgP rjQVUWZwfWQLP Z�QVUgfWZ8X[Par�c��aZ�UWPKfWZ]c X

Z
Y

N.PKM�P
\VS_^a{j\VSLZwf�PKzoZwfg^K`�ºaP

〈X, Y 〉
\VSLZ1z=PKcgc�So^�^Kc
c�ZwtaSLrjQVUWZ]c(z_fWPKzLfWrjZwX_^aX[Z]c�i

«�Z�R�^pM
X, Y, Z ∈ Rn v c ∈ R

ZwcgN�^a{j^afwi
h ���]k

〈X, Y 〉 = 〈Y, X〉h � £ k
〈X, Y + Z〉 = 〈X, Y 〉 + 〈X, Z〉h � ¥ k
c 〈X, Y 〉 = 〈(cX), Y 〉 = 〈X, (cY )〉h � �Vk
〈X, Y 〉 > 0

vLcWZ
X 6= 0h � �ak

〈X, Y 〉 = 0
cWZ

X = 0	�M zLfgP[X[S[UgPYr|QVUgZ�fgQLP¸X[Z�Z]c�z=ZwN�rj^a{xrjQVUWZ�fgZwcgcWZ1Z�M taZwPaM�Z.UgfWr�^)^pQ_^a{|�|UWr�N�^ l P¸Nnm_^pM)^KX[P
zLfgP[X[S[UgP�Z]cWNw^p{�^pf]vVUg^pM9y l M�fgZ�zLfgZwcWZ�QVUn^aX[P9zoPKf

X · Y
i

®�¯ ����±F�e�o�F� �_ij� � «[ZTR�^pM
X, Y ∈ Rn

i

h �aij�]k
X · Y =

n
∑

i=1

xiyi

��Paf�ZwcgcW^�X[Z.·oQLrj`wºpPov=z=P[X[Z.¬�cWZ�d�^aN�r|{jM�Z�QVUWZ��aZwfWr|·oNw^pf�\VSLZ�P¸zLfgP[X[S[UgP¸ZwcgN�^a{j^af�PKyoZ]X[ZwN�Z
¼Kc7zLfWPKzLfgr|Z]XL^aX[Z]c�M�Z]N.rjPaQ_^KXL^acwi

�1¯ ��� ¯ ��� �_ij� ����� ¾���¡
�a¨_�	
|�K�a�K¾��K¾ � À ��� �	� ��Â��a�K�a� �L� �
h �ai £ k

〈X, Y 〉
2
≤ 〈X, X〉 〈Y, Y 〉

�D�A�a¾��)¡
�a¨_�	
j�a�a�K¾
	�� 
|¾&��¾&¾��.�p©�¾��_��¾��.¾
X
�.�	� �_�	�g�	
|¾ 
|�/�

Y
�

®�¯ �°��±x²�³��A���o�F�(� � X[ZwcWrjtaS_^a{jXL^KX[Z�zoP[X[Z�cWZ�f´X[ZwM�PKQ_c�UWfn^aXL^�^DUgfg^�� l cHXL^ac�N.rjQ_N�P�z_fWPa¬
zLfgrjZwXL^KX[Zwc
X[P)z_fWP[X[S[UgP)r|QVUgZ�fgQLP_i���PKf�Un^pQVUWPov h �ai £ k��D^a{|Z1z_^afg^)\VS_^a{j\VSLZwf
zLfgP�XLS[UWP)rjQVUWZ�fgQLPov
Q_ºaP)c�Z¢{jr|M�r|Ug^pQoX[PY^pz=Z�Q_^Kc7^pP�zLfgP�XLS[UWP�ZwcgN�^a{j^afwi

«�Z�R�^
X = A − λB

v[z_^afg^�\VS_^p{�\VSLZ�f
λ ∈ R

i´��Paf h � �Vk�Z h � �ak.v

〈X, X〉 ≥ 0
��P[X[Z�M�PVc7fWZwZwcgN.fgZ��aZwf(r�cgc�P)N.PKM�P

〈X, X〉 = 〈A − λB, A − λB〉

P2
= 〈A, A〉 + 〈A,−λB〉 + 〈−λB, A〉 + 〈−λB,−λB〉

P3
= 〈A, A〉 − λ 〈A, B〉 − λ 〈B, A〉 + λ2 〈B, B〉

P1
= 〈A, A〉 − 2λ 〈A, B〉 + λ2 〈B, B〉 ≥ 0

� ZwZwcgN.fgZ��aZwQ_X[P�N.PKM�P�SLM)^�rjQLZw\VS_^K`�ºpP�X[P�Ugr|z=P
ax2 + bx + c ≥ 0

h �ai ¥ k
〈B, B〉λ2 − 2 〈A, B〉λ + 〈A, A〉 ≥ 0

�´^pfn^)\VSLZ�^)X[ZwcWrjtaS_^a{jXL^KX[Z�^aN�r|M)^)cWZTR�^)cg^DUgrjc�deZ�r|Ug^�z_^afg^9UgP�XLP
λ
v=^�r|M)^ataZ�M Z�M h �Ki ¥ k

X[Zw�aZ
ZwQ_N.PKQKUgfg^af�¬�cWZ7^KN.rjM)^1X[P�Z�r N[P
x
i´	�M)^1�KZ�~�\VSLZ

〈B, B〉 ≥ 0, ∀B
vKy_^KcTUn^¢zoPKf�Un^pQVUWP

\VSLZ¢�aZwfWr|·o\VSLZwM�PVc

∆ = b2 − 4ac = 4 〈A, B〉
2
− 4 〈A, A〉 〈B, B〉 ≤ 0

� ª
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〈A, B〉
2
≤ 〈A, A〉 〈B, B〉

� PaUWZ�\VSLZ�P&c�rjQ_^a{_X[Z�rjtaS_^a{jX_^aX[Z
�D^p{jZ�^azoZwQ_^ac�\VS_^aQ_X[P
〈X, X〉 = 0

vKPKS)c�Z�R�^Lv�\KSo^pQ_X[P
A− λB = 0

i �TcWcWP&rjM�zL{jrjNw^
A = λB

v[PaS/c�Z�R�^Lv�PKc��aZ�UWPKfWZ]c
A
Z

B
X[Z��KZ�M+cWZ�f7z_^afg^a{|Zw{|PVc�i

�

� ^Kc�zLfWsVN[rjM)^ac�c�Z]`.b�Zwcwv´S[UWrj{jr|~]^pfgZ�M�PKc�^ XLZ.·_QLr�`�ºaP XLZ�zLfgP[X[S[UgP Z]cWNw^p{�^pf�z_^pfn^qtKZ�QLZ�¬
fn^p{jr|~]^pf9Z�M

Rn ^p{jtaS_Q_c9N�PaQ_N�Z�r|UWPVc9\VSLZ/cWºaP_v´z=Paf�Z�Q_\VS_^aQKUgP_v´zLS_fg^aM�ZwQVUWZ¸tKZ�PKM l UWfgrjN�PKc&Z
fgZwc�UWfgruUgPKc7^

R2 Z R3 i

0F< � 9 
oGH?I@�< FaC=?6<>5 ��G ��?HFG;=@�<�E�C AHBDCFE�G�@wC 5
<>FG@�9=@[B
� c�ZwtaSLrjfwvD^azLfWZ]c�ZwQVUg^pfgZ�M�PVcF^ac�X[Z.·_Q_rj`�bVZ]c�X[Z QLPKfWM)^�Z �pQ_taSL{jP�Z�M UgZ�fgM�PKcHX[Z zLfgP[X[S[UgP

Z]cWNw^p{�^pf]i
� X[Z.·_Q_rj`wºpP9XLZ°QLPKfWM)^�XLZwN.PKfWfgZ�XL^Kc�zLfWPKzLfgr|Z]XL^aX[Z]c´� ��Z°� ��X[P�zLfgP�XLS[UWP9ZwcgN�^p{�^pf]vaPKS

cWZTR�^_vLX[P�d�^DUWPYXLZwc�Ug^�Paz=Z�fn^a`wºpP9cWZ�f���z=PKcWruUgr|�D^�X[Z.·oQLrjX_^���i
®�¯ ����±F�e�o�F� �_i £ � «[ZTR�^

X ∈ Rn
i «�So^9Q_PafgM�^

‖X‖
cWZ�fn�9X_^aXL^�z=Paf

h�£ ij�]k
‖X‖ = 〈X, X〉1/2

�°cWcWr|M8vLz=Z�{�^�X[Z.·oQLrj`wºpP h �Ki|��k�X[Z1zLfgP�XLS[UWP�ZwcgN�^a{j^afwvVUgZ�M�PKc

h�£ i £ k
‖X‖ =

(

n
∑

i=1

x2
i

)1/2

� X[Z.·oQLrj`wºpP/�aij��N�PafgfWZ]c�z=PaQoX[Z°^aP9N.PKM�zLfWrjM�Z�QVUWP�X[Z¢SLM+�KZ.UgPaf�Z�M
Rn

i�	�UWrj{|rj~w^aQ_X[P�^
tKZ�PaM�Z�UWfgrj^9X[P9ZwQ_cWr|QLP�M l XLr|Pov[z_^pfn^

n = 2, 3
z=P[X[Z�M�PKc
^azL{jrjNw^pf�P���Z�PKfWZwM�^�X[Z¢��r|Ug�ataPafn^ac

Q_^Kc&N�PaM�zoPKQLZ�QVUgZwc&XLPq�aZ�UWPaf9z_^pfn^8PayLUWZ�f�c�ZwS¹N.PKM�zLfWrjM�Z�QVUWPovH\VSLZ�fWZ]c�S_{uUn^pfn�8QLPqM�ZwcWM�P
�D^p{jPaf7PKy[UWr�X[PYN.PKM �aij�ai

�(PaM h¤£ i £ k.v(^ J°ZwcWr|tKS_^p{�XL^aXLZ/X[Zq«[Nnm��7^pfg~ h �ai £ k&zoP[X[Z8Un^pM&y l M c�Zwf�Z�N[zLfWZ]cWcg^qz=Paf
M�Z�rjP)X[Z1QLPKfWM)^acwv

| 〈X, Y 〉 | ≤ ‖X‖ ‖Y ‖�(PaM5Zwcgc�Z�dePafgM)^DUgP�XL^�X[Z]c�rjtaS_^a{jX_^aX[ZKv N�PaQ_cWrjXLZ�fn^pQ_X[P°\KS_Z7^�QLPKfWM)^�X[Z
\VS_^p{�\VSLZ�f��aZ�UWPKf
l cWZ�M�zLfgZ�z=PKcWr|UWrj��^_vLZ.deZ�UWS_^aM�PKc
^�c�ZwtaSLrjQVUWZ¢M)^pQLrjzLSL{�^a`wºpPov

| 〈X , Y 〉 |

‖X‖ ‖Y ‖
≤ 1

−1 ≤
〈X , Y 〉

‖X‖ ‖Y ‖
≤ 1

� deSLQ_`wºpP8X[Z
x
Z

y
Q_^�XLZwcWr|tKS_^p{�XL^aXLZ�^KN.rjM�^/^pz_fWZwcWZ�QVUn^¸^�M�Z]c�M)^/zLfgPazLfgrjZwXL^KX[Z9XL^

deSLQo`�ºpPqN�PKcgc�ZwQLP_i��(PKM y_^Kc�Z)QLr�cgc�Pov�X[Z�·_QLrjM�PVc1X[Z)dePKfWM)^/taZwQLZ�fn^p{jr|~]^aXL^�P �pQLtKSL{jP/ZwQVUWfgZ
X[PKrjc7�KZ.UgPafgZwc�Z�M

Rn
i

®�¯ ����±F�e�o�F� �_i ¥ � J�^aXLPKc
X

Z
Y
ZwM

Rn v

h�£ i ¥ k
cos](X, Y ) :=

〈X, Y 〉

‖X‖ ‖Y ‖
� PaUg^aM�PVc´\VSLZ7ZwcgcW^¢X[Z�·_QLr�`�ºpP°Ug^aM&y l M N.PaQoN.PafnXL^°N.PaM ^�QLP[`�ºpP�taZwPaM l UgfWr�N�^°S_cWS_^p{LXLZ

�aQLtaSL{jP�Z�M
R2 Z R3 i � ^KcTUn^9^azL{|r�N�^af�^)�FZwrxX[PKc��(PVcWcWZ�Q_PKc�QLPKc��aZ.UgPafgZwc X = (x1, x2, x3)Z

Y = (y1, y2, y3)
zoPVc�r�N.rjPaQ_^KX[PKc�Q_^�PKfWrjtaZwM

0
z_^pfn^�c�Z1�KZ�fgru·oNw^pf h¤£ i ¥ k�i

��rjQ_XL^�UgPaM)^pQoX[P
X, Y ∈ Rn v[zoPKf h¤£ i|��knvLz=P[X[Z�M�PKc7Z]cWN�fWZw�aZwf

‖X + Y ‖
2

= 〈(X + Y ), (X + Y )〉

= 〈X, X〉
2

+ 2 〈X, Y 〉 + 〈Y , Y 〉
2
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K�M�UWZwfWM�PKc
XLZ1QLPafgM)^acwvKUgZ�fgZ�M�PKc
h�£ i �Vk

‖X + Y ‖
2

= ‖X‖
2
‖Y ‖

2
+ 2 〈X, Y 〉

«�Z
X

l zoZwfWz=Z�QoX[rjN�SL{�^pf7^
Y
Z�M

R2
vKz=Z�{jP&��Z�PKfWZwM�^&X[Z���r|Ug�ataPafn^acwv h¤£ i �Vk�cWZ�fgZwX[S_~�rjfWr�^

¼

‖X + Y ‖2 = ‖X‖2 ‖Y ‖2

P)\VSLZ1rjM�z_{|r�N�^

2 〈X, Y 〉 = 0 =⇒ 〈X, Y 〉 = 0,
c�Z

X⊥Y
K cgcW^9QLP[`�ºaP&X[Z�PafWUWPKtaPaQo^p{jrjXL^KX[Z
Z�M

R2
QLPVc(cWSLtaZwfWZ°SLM)^&X[Z�·_QLr�`�ºaP&taZwfg^a{ozo^pfn^1PafWUWPa¬

tKPaQ_^a{|r�XL^aXLZ°ZwQKUgfWZ1X[PKrjc7�KZ.UgPafgZwc�Z�M
Rn

i
®�¯ ����±F�e�o�F� �_i � � J°Par�c7�aZ�UWPKfWZ]c

X, Y ∈ Rn cgºpP�PafWUWPKtaPaQo^pr�c(cWZ
h�£ i��ak

〈X, Y 〉 = 0
� z_fWPaRTZw`�ºaP�PafWUWPatKPaQ_^a{

(pr−→v
−→u )

X[Z��aZ�UWPKf
~u
c�PKyLfgZ�^)fWZ�Ug^)X[Z�·_QLr�XL^)z=Paf

~v
h ½ rjt_ij�]k l

XL^KXL^Lv[ZwM�M�s[X[SL{jP_v[z=Paf

‖pr−→v
−→u ‖ = ‖~u‖ cos θ

\VSLZ¢z=Paf h¤£ i ¥ k7c�Z¢fgZwX[S_~¢^

‖pr−→v
−→u ‖ =

〈~u,~v〉

‖~v‖
�(PaM�P¢^�z_fWPaRTZw`�ºaP�UgZ�M5^°M�ZwcWM�^¢X[rjfgZw`�ºaP°X[Z

~v
vDUWPKM�^aM�PKc�P°�KZ.UWPKf�SLQLr|Ug�pfgrjP ª ~v

‖~v‖

z_^pfn^
X[Z�UWZwfWM�rjQ_^pf�^�X[rjfWZ]`�ºaP�X[P��KZ.UWPKf

pr−→v
−→u
i

h�£ i �Kk
pr−→v

−→u =
〈~u,~v〉

‖~v‖
2 ~v

-

3

s

-
pr−→v

−→u ~v

~u

re−→v
−→u

� ���
	F�A� �L� ��fWPaRTZw`wºpP&Z � Z��_Z�N[ºaP�XLP)�aZ.UgPaf
~u

� z_^pfWUWrjf¢XL^/zLfWPaRTZw`wºpP_v=z=P�XLZ�M�PKc°d�^aN�r|{jM�Z�QVUWZ�X[Z�UWZ�fgM�r|Qo^pf¢P��KZ.UgPaf
re−→v

−→u
PKy[UWr�X[P8^

z_^af�Ugr|f(XL^¢fWZ��_ZONLºaP�PKf�UgPatKPaQ_^a{�XLZ
~u
Z�M UWPKfWQLP�XLZ

~v
vKP&\VS_^p{ l Pay[UgrjXLP1M�^aQVUWZ�QoX[P�^¢M�ZwcWM�^

N�PaM�zoPKQLZ�QVUgZ7XLZ
~u
Qo^�XLr|fgZw`wºpP

~v
Z7r|Q��KZ�fWUWZ�QoX[P°P�cWZ�QVUgrjX[P1XL^Kc´X[Z�M)^arjc´N�PaM�zoPKQLZ�QVUgZwc6W�Zai t_i

ª��[Ä�Ï�Ä �.Æ�Î¤Ä�Å�ÈTÄ�Õ Í]Ä�Å¤Õ�É �nÉnÊÓÆTÍ�Ï�Ä7Ò�Õ�É Ò�ÍV[ÓÏDÉnÏ]Æ
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re(1,0)(1, 1) = (1,−1)
i � ^ac�Ug^�Payoc�ZwfW�D^pf¢\VSLZ

re−→v
−→u

l XLZ.UWZwfWM�rjQ_^aXLP/^pUWfn^�� l c�XL^8cWPaM)^
�KZ.UWPKfWr�^p{

~u + re−→v
−→u = 2 pr−→v

−→u

re−→v
−→u = 2 pr−→v

−→u −~u

= 2
〈~u,~v〉

‖~v‖
2 ~v − ~u

�F< � AH9=; FG@_I��!5
<
	�M)^��aZ�~ Zwc�Ug^py=Z�{jZwN�rjXLPKcFP�z=X[SLUWP�rjQVUWZwfWQLP�Z ^�N�PaQ_X[r�`�ºaP�X[Z PKf�UgPatKPaQ_^a{|r�XL^aXLZav.z=P[X[Z�M�PKc

^ataPafn^&XLZ.·_QLrjf�P)\VSLZ l SLM�m_r|z=Z�fgzL{�^pQLP
(n − 1)

¬�X[rjM�ZwQ_cWr|PKQ_^pr�c�Z�M
Rn

i
®�¯ ����±F�e�o�F� �_i�� � ��P[X[P�zoPKQVUWP

X
\VSLZ1cg^DUgrjc�·_~�Zwf

h¤¥ ij�]k 〈

X − P , ~N
〉

= 0

z=Z�fWUWZwQ_N.Z)^pP/mLrjzoZwfWz_{j^aQLP
π
\VSLZ l QLPafgM)^p{ h PKf�UgPataPKQ_^p{�k�^aP��KZ.UgPaf ~N

Z)N�PaQVU l M P�z=PaQVUgP
P
i
��cgcWr|M8v[UgP�XLPKc7PKc7�KZ.UgPafgZwc

X − P
PKf�UgPataPKQ_^pr�c ^ ~N

z=Z�fWUWZwQ_N.ZwfgºaP�^aP�m_r|z=Z�fgzL{�^pQLP
π
i

PRQ�¯ �TS�U�� �_ij� � J°^KX[PKc
P 1 = (r, s)

Z ~N1 = (a, b)
ZwM

R2
v[UWZwfWZwM�PKcwv[zoPKf h�¥ ij�]k

〈X − (r, s), (a, b)〉 = 0

(x − r)a + (y − s)b = 0

ax + by − (ra + sb) = 0

\VSLZ l ^�Zw\VS_^K`�ºpP�X[Z1SLM)^�fgZ.Ug^�ZwM
R2

h ½ rjt_i�����k�i
PRQ�¯ �TS�U�� �_i £ � J°^�M�ZwcWM)^YdePKfWM)^Lv�XL^KX[PKc

P 2 = (r, s, t)
Z ~N2 = (a, b, c)

Z�M
R3 v

UgZ�fgZ�M�PKc

〈X − (r, s, t), (a, b, c)〉 = 0 =⇒ ax + by + cz − (ar + bs + ct) = 0
\VSLZ l ^�Zw\VS_^K`�ºpP�X[Z1SLM zL{�^pQLP�Z�M

R3 i
	�M)^�PaSLUWfn^9^azL{|r�N�^K`�ºaP�r|M�z=PafWUg^aQKUgZ�XLZ�z_fWPaRTZw`.b�Z]c Z]cTUn�&QLP)Nw�p{�N.SL{jP9X[Z1X[r�c�U��pQoN.r�^ac�Z�M

Rn
i

��< C
�!5VB F�� F ;�C(<
� 5 �!9=5KB�� �¸< � �	��
����
����� �����
������� � ! � #%�&���'�(��
 *�*,����
+� -A< . fgSLz=PYX[Z K N[ZwfgN��jN�r|PVc
£ ¬ �oi
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Rn

;=<)>.?A@�BDCFEHG�IKJLC
«[^ayoZwM�PVc
\VSLZav[ZwM

R
2 v[S_M�^�Z]\VS_^a`wºpP9XLP9Ugr|z=P ax1 + bx2 = c

fgZ�z_fWZ]c�ZwQKUn^�SLM)^�fgZ.Un^
h mLr|z=Z�fgzL{�^pQLP ��¬»X[rjM�Z�Q_cWrjPaQ_^a{�k9Z�M

R2 i J�^,M�ZwcWM)^}dePKfWM)^_v(ZwM
R3 v
^ Zw\VS_^K`�ºaP ax1 +

bx2 + cx3 = d
fgZ�zLfgZwcWZ�QVUn^)SLM zL{�^pQLP h mLrjzoZwfWz_{j^aQLP £ ¬»XLr|M�Z�Qoc�rjPaQ_^arjcnk7ZwM

R3 i1��Qo^p{jPatK^p¬
M�Z�QVUgZav Z�M

Rn vaSLM)^¢Zw\VS_^a`wºpP�X[P�UWrjzoP a1x1 + . . .+anxn = 0
fgZ�zLfgZwcWZ�QVUn^�SLM5mLr|z=Z�fgzL{�^pQLP

(n − 1)
¬»X[rjM�Z�Q_cWrjPaQ_^arjc�Z�M

Rn i
®�¯ ����±F�e�o�F� �[ij� � � Z]\VS_^a`wºpP

h �aij�]k
F (x1, . . . , xn) = 0

fgZ�zLfgZwcWZ�QVUn^�P�{|SLtV^pf7taZwPaM l UgfWr�N.P
L = {X ∈ Rn|F (x1, . . . , xn) = 0} �

�]�a���&¾9� �_¾.�A���1^ac
N�PVPKfgXLZ�Q_^KXL^ac�X[Z

X ∈ L
cg^DUWr�c�d�^p~�ZwM h �Ki|��k�i

� PaUWZ
\VSLZ7^�fgZwN��|zLfgP[N�^°X[ZwcgcW^°^D·_fgM)^a`wºpP�QoºpP��D^a{|ZK�xz=P�XLZ�M�PKc�UWZwf�Zw\VS_^a`�b�ZwcHX[rudeZwfWZwQVUWZwc
N�PaM�PqM�ZwcWM�P N.PKQDRTSLQVUWP

L
h Zai t_i}yo^ac�Ug^§M9SL{uUgr|z_{|r�N�^af h �aij�]k1z=Paf�SLM�ZwcgN�^a{j^af�Q_ºaPp¬»QVS_{|Po�

UgZ�fgZ�M�PKc
X[So^ac7Zw\VS_^K`.b�Zwc7X[r|deZ�fgZ�QVUgZwc
N.PKM�^�M�ZwcWM)^�cWPa{jS_`wºpPVk.i

0F<2C ��GH@LI��+5.<��E@[B @�?I3V@�B ;=FG@�<
��P[X[Z�M�PKcYUg^aM&y l M X[ZwcgN.fgZ��KZ�fYm_r|z=Z�fgzL{�^pQLPVc)Z�M

Rn z=Paf¸M�Zwr|P¹X_^¶c�So^µfWZ]c�z=ZwN.UWrj�D^
Z]\KSo^a`�ºaP�z_^afg^aM l UWfgrjNw^LvKZ�M�UWZwfWM�PVc(X[Z�taZwfg^KX[PafgZwcwvKN�PaM�P�dePKr=XLZwcgN.fgruUgP9^pQVUgZ�fgr|PKfWM�Z�QVUgZ�QLPKc
Z�N�ZwM�zL{|PVc¢�aij�°Z)�Ki £ i

PRQ�¯ �TS�U�� �[ij� � 
°y[UWZwfWZwM�PVc
^�Zw\VS_^a`wºpP�z_^pfn^pM l UWfgrjNw^&XL^�fgZ.Ug^�XL^KXL^�Z�M
R2

h�£ ij�]k
ax + by = c

��P[X[Z�M�PVc°^pUWfgr|yLS_r|f�^
y
P¸z_^af��aM�Z.UWfgP){jr|��fgZ

λ ∈ R
iEK cgN.fgZ��KZ�Q_XLP

x
ZwM deSLQ_`wºpP¸X[P�z_^pf �D¬

M�Z.UgfWP�{jr|��fgZ�Ug^pM9y l M8v
(

x
y

)

=

(

b
aλ + c

λ

)

� ZwZwcgN.fgZ��KZ�Q_X[P7ZwM­UgZ�fgM�P�X[Z�taZwfg^KX[PafgZwcwv�PKy[UWZwM�PKcF^�cWZ�tKSLrjQKUgZ´fWZwzLfgZwcWZ�QVUg^K`�ºpP7z_^afg^aM l UWfgr�N�^

h�£ i £ k (

x
y

)

=

(

c
0

)

+ λ

(

b/a
1

)

��PafWUg^aQKUgP&X[Z]N.PafgfgZ�X[r|fgZ.Un^pM�Z�QVUgZ�X[Z h�£ i £ k´\VSLZ°^�fgZ.Ug^ h¤£ ij�]k´z_^acgcW^¢z=Z�{jP&z=PaQVUgP
(c, 0)

Z
UgZ�M

( b
a , 1)

N�PaM�P1�aZ�UWPaf(X[r|fgZ.UgPaf h taZwfg^KX[Paf�k�i´
�c�z=PaQVUWPVc�XL^1fgZ.Un^�N.PKQ_c�r�c�UWZ�M Q_^ac(N.PKM&yLrjQ_^D¬
`�bVZ]c´{jr|QLZ]^pfgZwc�XLZwcgc�Z��_QLrjN�P��aZ�UWPKf�{|rjQLZ]^pfgM�ZwQVUWZ
rjQ_X[Z�z=Z�QoX[Z�QVUWZRW9\VSLZ�QLP&Nw^acWP_vKfWZ]X[SL~�ZwM�¬»cWZ
cWr|M�zL{jZwcWM�Z�QVUWZ1^�SLM)^�M&S_{uUgr|zL{jr�N�^a`wºpP�z=Paf
ZwcgN�^a{j^afwi

PRQ�¯ �TS�U�� �[i £ � 
°y[UWZwfWZwM�PVc
^�Zw\VS_^a`wºpP�z_^pfn^pM l UWfgrjNw^&X[P�zL{�^pQLP)XL^KX[P�Z�M
R3

h�£ i ¥ k
ax + by + cz = d

��P[X[Z�M�PVc
^DUWfgrjyLSLrjf7^
y
Z1^

z ∈ R
PKc�z_^af��aM�Z�UWfgPKc({|rj��fWZ]c

ϕ
Z

θ
vLX[Z¢dePKfWM)^�\KS_Z

x
XLZ��aZwfg�

cWZ�f
Z]cWN�fWr|UWP�Z�M�deSLQ_`�ºaP)X[Zwcgc�Z]c
X[Par�c7z_^af��aM�Z�UWfgPKcwi




x
y
z



 =





d − bϕ − cθ
ϕ
θ





� �
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n

� Z]\KSo^a`�ºaP9zo^pfn^pM l UgfWr�N�^9c�Zwfg�

h�£ i �Vk




x
y
z



 =





d
0
0



+ ϕ





−b
1
0



+ θ





−c
0
1





��Paf h�£ i �Vknv7z=P[X[Z�M�PKc¸^D·_fgM)^pf)\VSLZ§Zwcgc�Z8zL{�^pQ_P¶N.PafWUg^ P,Z�r N[P
x
QLPµz=PaQVUWP

x = d
i

� Zwc�UWZ&z=PaQVUgP_v=zoP[X[ZwM c�Zwf�z=PKcWrjN�r|PKQ_^aX[PVc
PKc��aZ�UWPafgZwc
(−b, 1, 0)

Z
(−c, 0, 1)

v={|rjQLZ]^pfgM�ZwQVUWZ
rjQ_X[ZwzoZwQ_X[Z�QVUgZwcwi���Paf�M�Zwr|P¸XLZ9N.PKM&yLrjQ_^K`.b�Zwc
{jrjQLZw^afWZ]c�X[Z]cWcWZwc�XLPar�c��aZ�UWPKfWZ]c h XL^KXL^ac�zL{jZ�PKc
Z]cWNw^p{�^pfgZwc

ϕ
Z

θ
k´Zwc�Ug^pfgZ�M�PVc�zo^pfn^pM�Z.UgfWrj~w^aQ_X[P°UWP[X[PKc�PKc�z=PaQVUWPVc�X[P1zL{�^pQLPova^acgcWr|M taZ�fn^pQoX[P

P�{jSLtK^af�tKZ�PKM l UWfgrjN�P�X_^aX[P�Z�M h¤£ i ¥ k�i
�µrjM�z=PafWUg^aQVUWZ7QLPpUn^pf�\VSLZ
Z]cWcg^°^pUWfgr|y_SLrj`wºpP1X[Z
z_^af��aM�Z.UWfgPKc l ^pfgyLr|UWfn�pfgrj^_��zoP[X[ZwfW��^pM�PVc

rjtaS_^a{|M�ZwQKUgZY^DUgfWrjyLSLrjf�z_^af��aM�Z�UWfgPKc
α
Z

β
^

x
Z

z
vHz=Paf�Z�N�ZwM�zL{|PovxPKy[UWZwQ_X[PqSLM)^8fgZ�zLfgZ.¬

cWZ�QVUg^K`�ºaP§z_^pfn^pM l UgfWr�N�^ h�£ i �Vk&X[rudeZwfWZwQVUWZav´M)^Kc&\VSLZ¸Q_P}Z�QVUn^pQVUWP}XLZwcgN.fgZ��aZ)Z�NL^DUg^aM�Z�QVUWZ �
©)¾���©)� 
Ë¨ �V�	� �V¾n�D©)Â.� ��¡�Àn�Di

PRQ�¯ �TS�U�� �Li ¥ � K�M
R3 v[XL^aX[P9P�cWr�cTUgZ�M)^&X[Z�Zw\VS_^K`.b�Zwc {|rjQLZ]^pfgM�ZwQVUWZ�rjQ_X[ZwzoZwQ_X[ZwQKUgZwc

h�£ i��ak {

a1x+b1y + c1z = d1

a2x+b2y + c2z = d2

��P[X[Z�M�PKc1^p·_fgM�^af�\VSLZ9Ug^a{�c�r�c�UWZ�M)^�QLPKc°dePKfWQLZ]N.Z�P8{|SLtV^pf�taZwPaM l UgfWr�N.P/X[Z�SLM)^�fgZ.Un^
ZwM

R3
i

��Paf
Z]cWNw^p{jPaQ_^aM�ZwQVUWP_v�PKy[UWZwM�PVc7P)c�r�cTUgZ�M)^�Zw\VSLrj�D^p{jZ�QVUWZ

h�£ i �Kk
{

x + b′1y + c′1z = d′1

y + c′2z = d′2
��UWfgrjyLSLrjQ_X[PY^

z
P�z_^pf �pM�Z.UgfWP�{jr|��fgZ

γ ∈ R
v�UWZwM�PKc





x
y
z



 =





d′1 − b′1d
′
2 + (c′2b

′
1 − c′1)γ

d′2 − c′2γ
γ





�°SLZ¢fgZwcWSL{|Ug^�Q_^�Zw\VS_^K`�ºpP�z_^afg^aM l UWfgrjNw^9XLZ�S_M�^�fgZ.Un^

h�£ i �pk




x
y
z



 =





d′1 − b′1d
′
2

d′2
0



+ γ





c′2b
′
1 − c′1
−c′2
1





�´^pfn^8z_^pfn^pM�Z�UWfgr|~]^pf1^§fgZ.Ug^ h�£ i��ak¢ZwM
R3 vH^KX[PpUn^pM�PKc�P§M�Z]c�M�P§zLfgP[N.Z]X[r|M�ZwQKUgPqX[PKc

Z�N�ZwM�zL{|PVcF^pQVUgZ�fgr|PKfWZ]c��=zoPVc�r�N.rjPaQo^pM�PKc=P
�aZ�UWPKf
(c′2b

′
1−c′1,−c′2, 1)

Q_P
zoPKQKUgP
(d′1−b′1d

′
2, d

′
2, 0)

v
PKy[UWZwQ_X[P�PKc7z=PaQVUWPVc
XL^�fWZ�Ug^�z=Paf
M�Z�rjP)X[Z�N.PKM&yLrjQ_^a`�b�Zwc�{|rjQLZ]^pfgZwc
X[Z]cWcWZ¢�LQLr�N.P��aZ�UWPaf]i

«�ZwtaSLrjQ_X[PqZ]cWcg^§{jr|Q_m_^qX[Z�fg^KN.rjP�N��|Q_r|Povxz=P�XLZ�M�PKc�d�^p~�Zwf9^qcWZ�tKSLrjQKUgZYtaZwQLZ�fn^p{jrj~w^a`wºpPo��^
z_^afg^aM�Z.UWfgrj~w^a`wºpP&XLZ1SLM cWSLy=ZwcWz_^a`�P�^p·_M

k
¬�X[rjM�Z�Q_cWr|PKQ_^pr�c�Z�M

Rn cWZ�fn�9X_^aXL^�z=Paf
h�£ i � k

X = P 0 + λ1~v1 + . . . + λk~vk

PKQ_X[Z1PKc��aZ.UgPafgZwc
{~vi}, i = 1, . . . , k

cWºaP�{|rjQLZw^afWM�ZwQKUgZ1r|QoX[Z�z=Z�Q_XLZ�QVUWZ]c�i��(PaM�P�QLPKc�ZON[Z�M�¬
zL{jPKc�^pQVUWZwfWrjPafgZwcwv7^µrjX l r�^ l ·�NL^afYQLP¶z=PaQVUWP

P 0
Zwcgc�Z]c

k
�aZ�UWPKfWZ]c�v
N.SpR�^ac¸N�PaM9yLr|Qo^a`.b�Z]c

{jr|Q_Zw^pfgZwc�XL^KXL^ac�zoZw{|PVc°zo^pf �pM�Z.UgfWPVc
λ1, . . . , λk

��{|P[N�^a{|rj~w^afgºaP ��UWP[X[PKc�PVc�z=PaQVUWPVc°XLZwcgc�Z�c�S[¬
y=ZwcWz_^a`�P)^D·_M8i


�Q��LM�Z�fgP8XLZYz_^pf �pM�Z�UWfgPKc�{|rj��fWZ]c
k
QLPKc�r|Q[dePKfWM)^afg�µ��� ���W�D¨��¸�a¾ 
Ë¡��n¾ �W�a�K�a¾8X[PqcWS[¬

y=ZwcWz_^a`�P&^D·oM/�HQLPVc Z�N�ZwM�zL{|PVc �Li|��Z �[i ¥ vV�aZwM�PVc \VSLZ�^&fWZ�Ug^1z=PKcgcWSLroS_M �_QLrjN�P&z_^af��aM�Z.UWfgP
{jr|��fgZavoZ�zoPKf�Un^pQVUWPovLSLM tafn^pS§X[Z&{|rjyoZwfgX_^aX[ZKv_P¸\VS_^a{�X[rj~�fgZwcWzoZwruUgPY^pP)d�^pUWPYX[Z�\KS_ZavocWZ �WN�^p¬
M�rjQLm_^pfgM�PKc �9c�PKyLfgZ&SLM)^/fWZ�Ug^_v�m_^��aZwfg�§¨[©)� 	[�_¡�Àn�8X[rjfgZw`�ºaP¸{jr|Q_Zw^pfgM�Z�QVUWZ�rjQ_X[Z�z=Z�QoX[Z�QVUWZ
^�cWZ�f�cWZ�taS_rjXL^_i

K c�UWZwQ_X[Z�QoX[P¸Z]cWcg^�taZ�Q_Z�fn^p{jr|~]^a`�ºaP9zo^pfn^)^ac
Z]\KSo^a`.b�Z]c
X[Z�{jSLtK^af�taZwPaM l UgfWr�N.P h �Ki|��k�v_UWZ.¬
M�PKc
\VSLZ
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•
SLM)^1Zw\VS_^K`�ºaP°{jr|Q_Zw^pfgM�Z�QVUWZ
rjQ_X[ZwzoZwQ_X[ZwQKUgZ
fWZwzLfgZwcWZ�QVUg^�SLM mLr|z=Z�fgzL{�^pQLP

(n−1)
¬

X[rjM�ZwQ_cWr|PKQ_^pr�c7Z�M
Rn i

•
SLM c�r�c�UWZ�M)^qXLZ�X[S_^Kc�Z]\KSo^a`.b�Z]c1{|rjQLZ]^pfgM�ZwQVUWZYrjQ_X[ZwzoZwQ_X[Z�QVUgZwc9fWZwzLfWZ]c�ZwQVUg^/SLM
c�S_yoZ]c�z_^K`.P)^D·oM

(n − 2)
¬�X[rjM�ZwQ_cWr|PKQ_^pr�c�Z�M

R
n i

•
SLM�c�r�cTUgZ�M)^µX[Z§Ugf 	]c)Zw\VS_^K`.b�Zwc�{jrjQLZw^afWM�Z�QVUgZ§r|Q_XLZ�z=Z�Q_X[ZwQVUWZwc¸fWZwzLfgZwcWZ�QVUg^ SLM
c�S_yoZ]c�z_^K`.P)^D·oM

(n − 3)
¬�X[rjM�ZwQ_cWr|PKQ_^pr�c�Z�M

Rn
i

iii

•
SLM cWr�cTUgZ�M)^8X[Z�Q Z]\KSo^a`.b�Z]c°{jrjQLZw^afWM�Z�QVUgZ�rjQ_X[ZwzoZwQ_X[ZwQKUgZwc¢fgZ�zLfgZwcWZ�QVUn^¸SLM c�S[¬
yoZ]c�zo^a`.P)^p·_M

0
¬»X[rjM�Z�Q_cWrjPaQ_^a{=ZwM

Rn
v[PKS8cWZTR�^_v[SLM�z=PaQVUgP_i

�´Z�M�PVc�\VSLZ�N�^aX_^�Zw\VS_^K`�ºaP�^aN.fgZwcgN.ZwQVUg^aX_^
^aN�^afWfgZ.Un^
^
z=Z�fnXL^�X[Z(SLM tafn^pS�XLZ {jr|y=Z�fnXL^aXLZ
QLP�mLrjz=Z�fgzL{j^aQLP_vL^pU l \VSLZ¢Q_ºaP�fgZwc�UWZ¢M)^pr�c7tafn^pS/X[Z1{jr|y=Z�fnXL^aXLZ¢^a{|tKSLM h zoPKQKUgPVk.i

�x<��D;=<�@��L?6F ; @�<
½ ^afWZwM�PKc§^ptKPafn^¹S_M�^#taZ�Q_Z�fn^p{jr|~]^a`�ºaP¹ZwM

R
n X[P#cWZ�taS_r|QVUWZµz_fWPKyL{|ZwM)^L� XL^KX[P SLM

cWSLy=ZwcWz_^a`�P ^p·_M
r
¬»XLr|M�Z�Qoc�rjPaQ_^arjc�Z8SLM zoPKQVUWP

Q
v(Z�Q_N�PaQVUWfn^pf�P zoPKQKUgP

PX

QLPµcWSLyoZ]cT¬
z_^K`.P)^D·oM�\VSLZ l M�^arjc7z_fWsVN[rjM�P�^pP�z=PaQVUWP

Q
XL^KX[P_i�«�Z�R�^

h¤¥ ij�]k
P0 + t1 ~w1 + . . . + tr ~wr

^�Zw\VS_^K`�ºaP9z_^afg^aM l UWfgr�N�^�X[Zwc�UWZ1cWSLyoZ]c�zo^a`.P)^p·_M
r
¬»XLr|M�Z�Qoc�rjPaQ_^arjc7ZwM

Rn v_N�PaM

〈~wi, ~wj〉 = δij ,
PaQ_X[Z

δij

{

δij = 0,
c�Z

i 6= j

δij = 1,
c�Z

i = j

� Zwcgc�Z�N�^Kc�Pov=X[rj~�ZwM�PKc¢\VSLZ
{~wi}

dePafgM�^¸SLM)^¸yo^acWZ&PafWUWPKQLPafgM)^p{HX[P/cWSLy=ZwcWz_^a`�P_i�K�M���{u¬
tKZ�yLfn^��FrjQLZw^afwv[�KZ�fgZ�M�PKc
\VSLZ�\VS_^a{j\VSLZwf�N.PKQDRTSLQVUWPYX[Z1�KZ.UgPafgZwc7z=P�XLZ�c�Zwf�PafWUWPKQLPafgM)^p{jr|~]^aX[P
^pUWfn^�� l c°X[P8��fgP�N�Zwcgc�P/X[Z . fg^aM�¬�«[Nnm_r|M)X�U]i K cgcWcWZ�zLfWP[N�Zwcgc�P�{|Zw��^/^�Z�{jr|M�rjQ_^a`wºpP8X[Z)\KSo^p{|¬
\VSLZwf�Z��KZ�QVUWSo^p{xX[ZwzoZwQ_X 	wQ_N.r�^){jr|QLZ]^pf�Z�N[rjc�UWZwQKUgZ�QLP¸N�PaQDRTS_QKUgP¸X[Z��KZ.UgPafgZwc
rjQLr�N.r�^pr�c�v=^DUWfn^�� l c
XL^�fgZwX[So`�ºpP�X[P)Q��LM�Z�fgP�X[Z1�aZ�UWPafgZwc�QLP)N�PaQDRTSLQVUgP9·oQ_^p{�i

J�^aX[P
Q ∈ Rn vFNw^p{�N.SL{�^pfgZ�M�PVc�P/zoPKQVUWP P X

ZwM h�¥ i|��k�M)^pr�c�zLfgsVN�rjM�P�X[Z
Q
i&�´^pfn^

Un^pQVUWPovoQLPaUg^aM�PVc�zLfgrjM�Zwr|fn^pM�ZwQKUgZ&\VSLZ&PVc�z=PaQVUgPKc
Q
Z

P X
X[Z.UgZ�fgM�rjQ_^aM ^�X[r�cTU �pQ_N�rj^¸fWZ�¬

^a{|rj~w^KXL^�XLP§zoPKQKUgP
Q
^pP§cWSLyoZ]c�zo^a`.P8^D·oM XL^KX[P_iY�°cWcWr|M8v�P§zoPKQKUgP

P X
l X[Z.UgZ�fgM�rjQ_^KX[P

^pUWfn^�� l c7XL^�z_fWPaRTZw`�ºaP9PKf�UgPatKPaQ_^a{=X[P)z=PaQVUgP
Q
QLPYc�S_yoZ]c�z_^K`.P)^D·oM h�¥ i|��k�i���PKf�Un^pQVUWPov

P XX[Zw�aZ�c�Zwf�Ug^p{�\VSLZ�P8�aZ�UWPaf
P X − Q

cWZTR�^�PafWUWPKtaPKQ_^p{H^¸UgP[X[PKc�PKc��KZ.UWPKfWZ]c°X_^¸y_^Kc�Z
{~wi}

i
�(PKM�P

P X
z=Z�fWUWZwQ_N.Z¢^ h¤¥ ij�]k�v�z=P[X[Z�M�PKc�Z]cWN�fWZw�aZ�f(Zwcgc�Z�N.PKQ_N.ZwruUgP&taZwPaM l UgfWr�N.P9XL^&cWZ�tKSLr|QVUgZ

dePKfWM)^

h¤¥ i £ k
〈

Q − (P 0 +

r
∑

i=1

tiwi), wj

〉

= 0, j = 1, . . . , r

K cgcW^ Zw\VS_^K`�ºaPqQLPKc9z=Z�fgM�r|UWrjfn� X[Z�UWZwfWM�rjQ_^pf�PKc9�D^p{jPafgZwc&XLPKc�z_^pf �pM�Z�UWfgP
tj
v�·�NL^pQoX[P

^KcWcWr|M�P�z=PaQVUgP
P X

QLP)cWSLy=ZwcWz_^a`�P�^p·_M8i
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n

〈

Q − (P 0 +

r
∑

i=1

ti ~wi), ~wj

〉

= 0

〈Q − P 0, ~wj〉 +

〈

r
∑

i=1

ti ~wi, ~wj

〉

= 0

〈Q − P 0, ~wj〉 +

r
∑

i=1

ti 〈 ~wi, ~wj〉 = 0

〈Q − P 0, wj〉 + tj = 0

tj = 〈P 0 − Q, wj〉

��Z�M�PKc(^acgc�rjM PVc
r
z_^af��aM�Z�UWfgPKc´{jrj�VfgZwc

t1, . . . , tr
\VSLZ�X[Z.UgZ�fgM�rjQ_^aM P�z=PaQVUgP

P X
i J�Z

^KN.PafnX[P�N.PKM h�¥ i|��knv[Ug^a{Fz=PaQVUWP)cWZ�fn�9XL^KX[P�zoPKf

h¤¥ i ¥ k
P X = P 0 +

r
∑

i=1

〈P − Q, wi〉wi

��< C
�!5VB F�� F ;�C(<
� 5 �!9=5KB�� �¸< � �	��
����
����� �����
������� � ! � #%�&���'�(��
 *�*,����
+� -A< . fgSLz=PYX[Z K N[ZwfgN��jN�r|PVc
£ ¬ �_i
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��rjM�PKc¸QLPKc�N�^pz_�uUgSL{|PVcY^pQVUgZ�fgr|PKfWZ]c)\KS_ZqPKc)�KZ.UgPafgZwc)PKf�UgPataPKQ_^pr�c�^µSLM�N.PKQDRTSLQVUWP¹XLZ

�KZ.UWPKfWZ]c´XL^aXLP¢XLZwcWZ�M�zoZwQLm_^aM SLM z_^pz=Z�{or|M�z=PafWUg^aQKUgZ
QLP1Zwc�UWSoX[P�X[Z
mLrjzoZwfWz_{j^aQLPKcwiH�°cWcWrjM/v
P � �W�]�D¨[��� 	D¾.���	��¡�� 
 l SLM)^�PKzoZwfg^K`�ºpP°X[Z.·_Q_rjXL^°Z�M

R3 X[Z�tafn^pQ_XLZ rjQKUgZ�fgZwcgc�Z(Z�M . ZwPaM�Z.UgfWr�^
��Q_^p{j�uUgrjNw^L�´cWS_^�zoZ]N.SL{jrj^afWr�XL^KX[Z¢Zwc�Ug��QLP�d�^DUgP�XLZ¢\VSLZ�cWSLyLM�Z�UWZ�QoX[P)X[Par�c7�aZ�UWPafgZwc

A
Z

B
^

Z]cWcg^¸PKzoZwfg^K`�ºaP_vAPay[UgZ�fgZ�M�PKc¢N�PaM�P�fgZwcWSL{|Ug^KX[P�S_M UWZwfgN�Z�rjfWP��aZ�UWPaf
A × B

�	����� �V�D�A�	
7^pPKc
X[PKrjcY�aZ.UgPafgZwc�rjQLr�N.r�^pr�c�v7Z§z=PafWUg^pQVUgP_v�QLPafgM)^p{�^pPµz_{j^aQLPµtaZwfg^KX[P z=Paf

A
Z

B
v�N.PKQ[dePafgM�Z

M�PKc�UWfn^pfgZ�M�PVc QLZ]cTUgZ�N�^azL�uUgSL{jP_i
®�¯ ����±F�e�o�F� �Lij� � «�ZTR�^aM

A = (a1, a2, a3)
v
B = (b1, b2, b3) C = (c1, c2, c3)

Z
cZ]cWNw^p{�^pf]i

× : R3 × R3 7−→ R3

A × B := det





î ĵ k̂
a1 a2 a3

b1 b2 b3





= (a2b3 − a3b2)̂i + (−a3b1 + a1b3)ĵ + (a1b2 − a2b1)k̂

h �aij�]k

J�^)X[Z.·_Q_rj`wºpP8�aij��XLZwN.PKfWfgZ�M ^ac
cWZ�taS_r|QVUWZ]c�zLfWPKzLfgr|Z]XL^aX[Z]c�i
h ���]k/�FrjQLZ]^pfgrjXL^KX[Z¢N.PaM�fWZ]c�z=Z�r|UWP)^

A
�

(A1 + A2) × B = A1 × B + A2 × B

(A1 + A2) × B = A1 × B + A2 × Bh � £ k/��QVUgru¬�c�rjM�Z.UgfWr�^L�
A × B = −B × A −→

�FrjQLZw^afWr�XL^KX[Z�N�PaM fWZ]c�z=Z�r|UWP)^
B
i

h � ¥ k���fgP[X[S[UWP)¦§r�c�UWP_�
〈A, (B × C)〉 = 〈(A × B), C〉 = det





a1 a2 a3

b1 b2 b3

c1 c2 c3





h � �Vk
‖A × B‖

2
= ‖A‖

2
‖B‖

2
− 〈A, B〉

2 h �TX[ZwQVUWr�XL^aX[Z�XLZ¢��^ptKfg^aQLtaZ�k
h � �ak

‖A × B‖ = ‖A‖ ‖B‖ sin θ
v_PaQ_X[Z

θ
l P �pQLtKSL{jP9ZwQKUgfWZ¢PVc
X[Par�c7�aZ�UWPafgZwcwi

®�¯ �°��±x²�³��A���o�F�(� ��fgPD�D^pfgZ�M�PKc�^azoZwQ_^ac�^
zLfgPazLfgr|Z]XL^aXLZ h � �Kk�iH��cHX[Z�M)^pr�cxXLZwN.PKfWfgZ�M
UgfWrj��rj^a{|M�Z�QVUgZ¢X_^�XLZ.·_QLr�`�ºaP_i

J°Z1� �_v[UgZ�M�PKc

‖A × B‖
2

= ‖A‖
2
‖B‖

2
− 〈A, B〉

2

= ‖A‖
2
‖B‖

2
− (‖A‖ ‖B‖ cos θ)2

= ‖A‖ ‖B‖ (1 − cos2 θ)

= ‖A‖ ‖B‖ (sin2 θ)
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N�PaM�P
0 ≤ θ ≤ π

v[UgZ�M�PKc
cWZ�M�zLfgZ
sin θ ≥ 0

i��(PKQ_cWZw\VSLZ�QVUgZ�M�Z�QVUWZKv

‖A × B‖ = ‖A‖ ‖B‖ sin θ
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‖A × B‖
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|� ���W�D©)�,À.¨�
��D� 
|�K�a�D�)� �K� �.� ��©��K�a���
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A
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B
�
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A
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B
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|����¾.©

R3 ⇒ A × B = 0�����
A
¾

B
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|¾ 
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⇒ (A × B)⊥A
¾

(A × B)⊥B�����
‖ 〈(A × B), C〉 ‖

Àn� � �W¾�� �_�D�A�a¾¢�a��	�� 
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|¾ 
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A, B, C
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h �Vk�i´�´^afg^9zLfgPD��^af h�¥ k.vLy_^KcTUn^&�KZ�fW·oN�^af7\VSLZ

(A × B) · A = 0
Z

(A × B) · B = 0
v[P)\VSLZ

rjM�zL{|r�N�^�PKf�UgPataPKQ_^p{jr�XL^aX[Z�X[P)�aZ�UWPKf
A × B

N.PaM�fWZ]c�z=Z�r|UWP)^
A
Z

B
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�´^pfn^�zLfWPD�D^af h �Vk�v_�aZ�M�PVc7Q_^9·_taSLfn^�^aN.rjM)^

‖ 〈(A × B), C〉 ‖ = ‖C‖ ‖A × B‖ cosφ

= h ‖A × B‖
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(A×B)×C
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A
Z

B
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v
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(A×B)×C
Z

A× (B ×C)
cgºpP9zLfWP[X[SLUWPKc UWfgrjzL{|PVc

X[Z
A, B

Z
C
i�� fWPD�KZ�\KS_Z

(A × B) × C 6= A × (B × C)
vAPaS}cWZTR�^_voP�zLfgP�XLS[UWP)UgfWrjzL{jP

�KZ.UWPKfWr�^p{AQ_ºaP l ^KcWcWP[N.r�^DUgr|�KP_i
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A × (B × C)
v�Z�M deSLQo`�ºpP8X[Z

A
v
B
Z

C
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A × (B × C) = (B · A)C − (C · A)B


