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THEOREM 6.7. Given m parallel to /such that m does not contain a
limiting parallel ray to /in either direction. Then there exists a com-
mon perpendicular to 7 and / (which is unique by Theorem 6.5).

This theorem is proved by Borsuk and Szmielew (1960, p. 291) by
a continuity argument, but their proof gives you no idea of how to
actually find the common perpendicular. There is an easy way to find
it in the Klein and Poincaré models, discussed in the next chapter.
Hilbert gave a direct construction, which we will sketch. (Project 1
gives another.)

Proof:

Hilbert’s idea is to find two points H and K on /that are equidistant
from m, for once these are found, the perpendicular bisector of
segment HK is also perpendicular to 7 (see Lemma 6.2). Choose
any two points A and B on / and suppose that the perpendicular
segment AA’ from A to m is longer than the perpendicular segment
BB’ from B to m. (See Figure 6.16.) Let E be the point between A’
and A such that A’E = B’B. On the same side of AA” as B, let EF be
the unique ray such that A’EF = <B’BG, where A * B * G. The
key point that will be proved in Major Exercises 2-6 is that E
intersects AG in a point H. Let K be the unique point on BG such
that EH = BK. Drop perpendiculars HE’ and RK’ to m. The up-
shot of these constructions is that OEHH’A’ is congruent to
(OBKK’B’ (just divide them into triangles). Hence, the correspond-
ing sides HH’ and KK’ are congruent, so that the points Hand Kon /
are equidistant from m, as required. l

To sum up, given a point P not on /, there exist exactly two limiting
parallel rays to /through P, one in each direction. There are infinitely
many lines through P that do not enter the region between the limiting
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FIGURE 6.27
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perpendicular to # and 1(\_(5; see Major Exercise 7 for the asymptotically
parallel case.)

In Theorem 4.1 it was proved in neutral geometry that if alternate
interior angles are congruent, then the lines are parallel. Strengthen this
result in hyperbolic geometry by proving that the lines are divergently
parallel, i.c., that they have a common perpendicular. (Hint: Let M be
the midpoint of transversal segment PQ and drop perpendiculars MN
and ML to lines m and / see Figure 6.27. Prove that L, M, and N are
collinear by the method of congruent triangles.)

Make a long list of statements equivalent in neutral geometry to Hilbert's
parallel postulate. This list is a reward for all the work you have done.
Although the circumscribed circle may not exist for some triangles in
hyperbolic geometry, prove that the inscribed circle always exists.
(Hint: Verify that the usual Euclidean proof — that the angle bisectors
meet in a point equidistant from the sides — still works. Use the crossbar
theorem.)

17. Comment on the following injunction by Saint Augustine: ‘“The good
Christian should beware of mathematicians and all those who make
empty prophesies. The danger already exists that the mathematicians
have made a covenant with the devil to darken the spirit and to confine
man in the bonds of Hell.”

MAJOR EXERCISES
1. LetA, D be points on the same side of line BC such that BA [| CD. Then

the figure consisting of segment BC (called the base) and rays BA and
CD (called the sides) is called the biangle [ABCD with vertices B and C
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(see Figure 6.28). The interior of [ABCD is the intersection of the
interiors of its angles SABC and <DCB; if P lies in the interior and X is
either vertex, ray XP is called an ntersor ray. We write BA | CD when
these rays are sides of a biangle and when every in_t)crior ray emanating
from B intersects CD; in that case, we say that BA is lmiting paralle/
to CD, generalizing the previous definition which required <DCB to
be a right aﬁlc, and we say that the biangle [ABCD is c/osed at B.
Given E)MCD, prove the following _§cncralization of Exercise 7: If
P*B*AorifB*P*A, then PA|CD.
— —> —  —>
2. Symmetry of limiting parallelism. If BA | CD, then CD | BA. (In that case

we say simply that biangle [ABCD is c/osed.) Justify the unjustified steps
in the proof (see Figure 6.29).

Proof:

(1) Assume that [ABCD is not closed at C. (2) Then some interior
ray CE does not intersect BA. (3) Point E, which so far is just a label,
can be chosen so that ABEC < XECD, by the important corollary to
Aristotle’s axiom, Chapter 3. (4) Segment BE does not intersect 615
(5) Interior ray BE intersects CDin a pointF, and B * E * F. (6) Since
<BEC is an exterior angle for AEFC, <BEC > <ECF. (7) Contradic-
tion. (I am indebted to George E. Martin for this simple proof.) H

3. Trangitivity of limiting parallelism. 1§ B and CD are both limiting parallel
to EF, then they are limiting parallel to each other. Justify the steps in
the proof. (See Figure 6.30.)

FIGURE 6.29 C  \\D
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FIGURE 6.30
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(1) AB and CD have no point in common. (Z) Hence, there are two
cases, depending on whether E EF is between ABand CDor AB and CD
are both on the same side of EF. (3) Incase EF is between AB and CD
let G be the intersection of AC with EF. We may agsume G lies on ray
EF otherwise we, can consider GF. (4] Any ray AH interior to <GAB
must intersgct EF ina point L. (5) IH, lying interior to <CIF, must
intersect CD. (6) Hence, any ray AH interior to <C CAB must intersect
CD so AB is limiting paralle!l to CD. I

Step (7) is the following sublemma. That this requires such a long
proof was overlooked even by Gauss. The proof (for which I am indebted
to Edwin E. Moise) uses our hypotheses of limiting parallelism. If we
had made the weaker hypothesis of just parallel lines, the sublemma
would not follow, as you will show in Exercise K-2(c) of Chapter 7.

SUBLEMMA.  If AB and CD are both on 1 the same side of ﬁT, we may
assume that CD, for example, is between AB and EF (see Figure 6.31).
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FIGURE 6.32

Proof of Sublemma:

1) It suffices to prove there is a line transversal to the three rays_l)'\B
CD, EF. (2) In case A and E are on the same side of EC, then ray EA is
interior to <E. (3) Then EA intersects CD, by symmetry. @) SoEAis
our transversal. (5) In case A and F are on opposite sides of EC, let G be
the point at which AF meets EC. (6) Choosing H such that E * F * H,
we have FH | AB. (7 (7) <HFG > <E. (8) Therefore there is a ray Fl
interior to XHEA = LHFG sych that {HFA = JE. (9) Flmeets AB at
a point J. (10) FJ I EC. (11) ECi ingersects side AF and does not inter-
sect side FJ of AAF]. (12) Hence EC intersects AJ and is our transver-
sal. @

Conclusion of Proof (see Fzgure 6.32):

(8) Then AE intersects CDina point G, which we may assume lies on
ray CD. (9) Any ray AH interior to XGAB intersects EFina point L. (10)
Since CD enters AAEI at G and does not intersect side EI, it must
intersect Al (11) Therefore, CD is limiting parallel to AB. Il
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Note 1. The last four steps did not use the hypothesis that CD | EF;
they therefore prove that any /ine between two asymprotically paralle! lines
is asymprotically parallel to both and in the same direction.

Note 2. Given rays rand s, define 7 ~ s to mean that either 7 C sor
sCror r}s. Major Exercises 1-3 show that this is an equivalence
relation among rays. An equivalence class of rays is called an idea/ point,
or an end, and we adopt the convention that it lies on all (and only those)
lines containing the rays making up the class. Since a point on a line
breaks the line into two opposite rays and opposite rays are not equiva-
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lent, we see that every /ine has two ends lying on i1t. The set of all ideal
points was named by Cayley the absolute. (This is the beginning of
constructing a hyperbolic analogue of the projective completion of an
affine plane described in Chapter 2; we continue the construction in
Major Exercise 13. The absolute is analogous to the line at infinity of the
affine plane, but the absolute could not be a new line, because it inter-
sects each old line in two points; it will turn out to be a conéc in the
projective completion.)

If R, S are the vertices of r, s, where r|s, and Q is the ideal point
determined by these rays, we write 7 = P£2 and s = SQ and refer to the
closed biangle with sides 7, s as the singly asymprotic triangle ARSQ. The
next two exercises show that these triangles have some properties in
common with ordinary triangles. (You can similarly define as an exercise
doubly (two ideal points) and triply (three ideal points) asymptotic trian-
gles.)

4. Exterior angle theorem. If APQS) is a singly asymptotic triangle, the
exterior angles at P and Q are greater than their respective opposite
interior angles. Justify the steps in the proof.

Proof (see Figure 6.33):

(1) Given R * Q * P. We must show that RO is greater than <QPQ.
(2) Let QD be the unique ray on the same side of PQ as ray QQ such
that SRQD = SQPQ. (3) If U * Q * D, then <UQP = QPQ, (4) By
Exercise 14, QD is divergently parallel to PQ. (5) Hence, QD is be-
tween OR and OQ. (6) <RQQ > <QPQ. W

5. Congruence theorem. If in asymptotic triangles AABQ and AA’B’Q) we
have XBAQ = 4{B’A’QY’, then ¥ABQ = XA’B’Q’ if and only if

FIGURE 6.33
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FIGURE 6.34

AB = A’B’. Justify the steps in the proof and deduce as a corollary that
PQ = P’Q’ if and only if IT(PQ)° =II(P'Q")°.

Proof (see Figure 6.34):

(1) Assume AB = A’B’ apd on the contrary $ABQ > SA'B'QY'. (2)
There is a uniil)xe ray BC between BQ and BA such that XABC =
JA’B’CQY. (3) BC intersects AQ in a point D. (4) Let D’ be the uni-
que point on A’€Y’ such that AD = A’D’. (5) Then ABAD = AB’A'D’.
(6) Hence, XA’B’D’ = XA’B’Q’, which is absurd. (7) Assume con-
versely that LABQ = <A’B’C)’ and on the contrary A’B’ < AB. (8) Let
C be the point on AB such that BC = B’A’, and let CQ be the ray from C
limiting parallel to AQ (see Figure 6.35). (9) Then CQ is also limiting
parallel to BQ. (10) By the first part of the proof, XBCQ = J{B’A’QY;
hence, ABCL = LBAQ. (11) But LBCQ > ABAQ, which is a contra-
diction. Il

6. Conclusion of the proof of theorem 6.7. We wish to show that EF intersects
AG (see Figure 6.36). Justify the steps in the proof.

Proof —> —> —> —

(1) Let A’M be limiting parallel to EF, A’N limiting parallel to AG, and
— —>

B’P limiting parallel to BG. (2) Since EA” = BB’ and <A’EF = <B’BG,
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FIGURE 6.36
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we have KEA'M = BB'P. (3) B'L differs from B'P and A'L differs
from A’N. (4) <MA’L = JPB’L. (5) B’Pis limiting parallel to A’IN. (6)
Hence, {EI)A'L is _s)maller than ¥XPB’L. (_7_2 It follows that A’M lies
between A’N and A’A, soit must intersect AG in a point]. (8) J is on the
same side of E(E)as A’; hence, it is on the side oppo_s)ite from A. (9) Thus,
AJ intersects EE in a point H, which must be on EF because H is on the
same side of AA’ as ]. M

Where was the hypothesis of this theorem used?

7. InExercises 12 and 13 we considered the perpendicular bisectors of the
sides of AABC and we showed that (1) if two of them have a common
point, the third passes through that point; (2} if two of them have a
common perpendicular, the third has that same perpendicular. It fol-
lows that if two of them are asymptotically parallel, then any two of them
are asymptotically parallel. This result can be strengthened as follows: if
perpendicular bisectors /and m are asymptotically parallel in the direc-
tion of ideal point €, then the third perpendicular bisector # is asympto-
tically parallel to / and  in the same direction Q. Give the proof and
justify each step. The proof is based on the following two lemmas:

LEMMA 6.3. Given AABC. Let /, m, and » be the perpendicular
bisectors of sides AB, BC, and AC at their midpoints L, M, and N,
respectively. Let AC 2 AB and AC 2 BC (AC is the longest side).
Then /, m, and # all intersect AC.

Proof-

(1) (XB)° = (XA)° and (XB)° = (XC)°. (2) Hence, there is a point L’
on AC such that XA = JLL’BA, and a point M’ on AC such that <C =
LM’'BC. (See Figure 6.37.) (3) Then AL’ = BL’ and CM’ = BM’. (4)



